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I'naBa 1
PAIN ®YP’E. IHTEI'PAJI ®YP’€

1 OpToronajibHi Ta OpTOHOPMOBaHI cUCTeMH PyHKILIH

1.1 OproronanbHi Ta HOpMoBaHi QyHKIIL

Busuwauvenns. Sxkmo dyskmii ¢i1(X) Ta @2(X) € HemepepBHUMH Ha
b

cerMeHTi [a; b], To iHTerpan I 01(X)@o (X)dX  Ha3HMBa€TBCS CKAIAPHUM 00OYMKOM
a

@yurkyii @1(X) Ta @2(X) Ha cermenti [a@; b]. Ilpy 1BOMY BHKOPHCTOBYETHCS

ITIO3HAYCHHAA

b
(9100; 920) = [ @100 (X)0lx. (1)

BnacTtTuBocTi ckaasspHOro A00yTKY:
1. Sxmo dyHkii @1(X) Ta @2(X) HenepepBHi Ha cerMeHTi [@; b], To
(91(0); @2(x)) = (92(X); P1(X)). )

2. Sxmo ynkiii  @1(X) Ta @2(X) HenepepBHi Ha cerMeHTi [a; b], a A — nesika

craja, TO
(p2(X); 92(X)) = (91(X); Ap2(X)) = A (@1(X); 92(X))- 3)
3. Skmo dpyukmii  @1(X); 2(X); @3(X) HemepepBHi Ha cerMeHTi [a; b], To
(P10) + @2(%); 93(x)) = (91(X); @3(X)) + (92(X); P3(X)). (4)

4. Slxkmo ¢ynkmis @(X) HemepepBHa Ha cerMeHTi [a; b] 1 ¢(X) # 0, TO
CIIPaBEJIUBOIO € HEPIBHICTh

(0(X); @(x)) > 0. ()

3aeoannsn ona camocmiiinoi pod6omu. JIoBecty cripaBe/IMBICTb BIacTUBOCTEH 1 — 4.

Busunauedns. Oyakmil ¢i(X) Ta ¢2(X) Ha3MBarOTHCSI OPTOTOHATBHUMHU
Ha CerMeHTti [@; b], sxmo mi QyHKIT HenepepBHi Ha cerMmeHTti [a@; D], a ixHii
CKaJIIpHUH TO00YTOK JIOPIBHIOE HYJIIO, TOOTO

b
Jo10992(9dx=0, (6)

a 01(X) & @2(x) Ha cermenTi [a; b].



Busuwaueunds. Hopmow ¢ynrkyii @(X) Ha cermenti [a; b], mo
HAJIGKUTh MHOKMHI HemepepBHUX Ha cerMmeHTi [a; D] dynkmiit, HasuBaeThcs
b
2
BEJIMYMHA ¢“(x)dx. Ilpp  1©pOMYy  BUKOPHCTOBYETHCS  IO3HAYCHHS
a

1
[e()] = (0(x); @(x))? abo
b
o0 = [ o? )lx. (7)
a
Busunauenns. Oynkuigs @(X), HopMa $KOi JOPIBHIOE OJMHHUIII Ha
cerMenTi [a; b], To6To
b
Jo?(dx=1,
a

HA3UBAETHCS HOPMOBAHOW Ha ceemenmi [@; D] dyHkIi€ro.
1.2 OproronanbHi cucremMu pyHkuin. OproHopMoBaHi cucremu PpyHKuii

PosrisitHeMo nmocaigoBHICTh QyHKIIIHN
¢1(X), 92(X), 93(X), ..., @n(X), ..., (8)
SIKi BU3HAYEHI Ta HEMepepBHi Ha cerMmeHTi [a; b] i cepen sxkux Hemae (QyHKI, 1110
TOTOXHO JIOPIBHIOE HYJIIO Ha cerMeHTi [a; b].

BusznauyeHnHs. [TocmimoBuicth  ¢yHkmii  (8)  Ha3uBaeTbcs
OPMO2OHATILHOIO CUCMEMOIO (DYHKYIN Ha ceemenmi [@; D], AKIIO € OpTOroHATbHUMHU
OyIb-sKi IB1 HE PiBHI MK 00010 GYHKIIIT i€ cucTeMH, Ta yci (PYyHKIIIT 111€i cucTeMu
€ THTErPOBHUMU 3 KBaIPATOM, TOOTO

0, sgxmon=#m;

b
| «pn(x)cpm(x)dx={ )

K, gaxio n=m.

Busunauenns. Cucrema QpyHkiiii (8) Ha3UBAETLCSA NOBHOK CUCTEMOIO
@yuxyit na ceemenmi [@; b], sxo 3 ymoBu
(f(); 01(x)) = (F(); 92x)) = ... = (f(X); pn(x)) = ... =0 (10)
Buxoauth, mo f(X) = 0 Ha cermenti [a; b], me f(X) — Oynmp-sika HemepepBHa Ha
cermeHTi [a; b] dyHKis.
Busunauenns. [ocnmoBHicts ¢yHKINHN (8) HABUBAETHCS HOPMOBAHOK
Ha ceemenmi [a@; D] cucmemoro ¢hynxuyiti, KMo KokHa 3 (YHKIIA CHCTEMH €
HOPMOBAHOIO (PYHKITIETO.
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Skmo cucrtema (QyHKIIA HE € HOPMOBAHOK CHUCTEMOIO (DYHKIIIHA, TO TakKy
cucteMy (QYyHKITIA MOKHA IIPOHOPMYBATH.

JIJIs IbOTO 3HAXOTUTHCS HOpMa KOKHOT HEHOPMOBaHOI (YHKIIil, IMICIs 4OTro
GyHKITS AUTMTHCS HA CBOIO HOPMY.

Busunauveunns. Cucrema (QyHKUIH HA3UBAETHCS OPMOHOPMOBAHOK
cucmemoro gyukyii nHa ceemenmi [, D], gxkmo ng cucrema QyHKmIA €
1) opToronanabHO0; 2) HOPMOBAHOK CUCTEMOIO (PYHKIIIM, TOOTO

0, gxmon#m;

b
| cpn(x)cpm(xmx:{ (11)

1, gaxio n=m.
3AYBAXEHHS: Cuctemu GyHKIIIH
1)1, cosx, cos2x, cos3X,...,COSNX, ...;
2)1, sin x, sin 2x, sin 3x,...,siNNXx, ...; (12)
3)1, cosx, sin X, c0s2x, sin 2X, ..., cosnx, sinnx, ...
€ OPTOTOHAJIBHUMH cHCcTeMaMK (DYHKIIIH Ha CerMeHTi [—m; 7).
Cucremu QyHKIIIH
4)1, coSmX; COS2mX; COS3mX,...,COSN®X, ...;
5) 1, sin ®X; sin 2mX, Sin 3wX,...,SIN NwX, ...; (13)
6) 1, coswX; Sin ®X; COS2wX, Sin 2mX, ..., COSN®X, SIN N®X, ...

. . T
€ OPTOrOHAJIBHUMHU cUcTeMaMH (PyHKIii Ha cermenTi [-; 1], ne o= T

3asoannsa onsa camocmiitnoi pooomu: 1. Jloecty, mo cuctemu ¢yHkiii (12)
Ta (13) € opTOroHaJILHUMH CUCTEMaMHU.

2. IlepeBipuTH, UM € 111 CUCTEMH (PYHKIIIF HOPMOBAaHUMHU CUCTEMaMH (DYHKIIIH.

3. IlponopmyBatu cuctemu ¢yskimii (12) ta (13), skimo BOHM HE €
HOPMOBAHMMH CUCTEMaMH (yHKIIHN.

2 Psaau ta koedinientu Pyp’e

2.1 Y3araabHenuii psig @yp’e

Hexaii Ha cermenTi [a; b] 3amana opToHOpMOBaHa crcTeMa (PyHKITIH
01(X); @2(X); 93(X), ..., @n(X), .. , (14)
a takok Qynkiis f(X), 1m0 € HemepepBHOW ab0 KyCKOBO-HEMEPEBHOIO HA CETMEHTI
[a; b] dyHKIi€rO 1 10 TOTO X A0COIIOTHO IHTEIPOBHOKO (PYHKIIIEIO.



3’sicyeMo, 3a skux ymoB ¢yHkmis f(X) mMoxe OyTH po3BHHEHa y pSI IO

byukuisnx cucremu (14), To6To
f(X) = A101(X) + 2202(X) + A3@3(X)+ ... + Anon(X) + ... . (15)

bynemo BBakatu, mo psn (15) piBHOMipHO 30iraerbes mo ¢ynkmii f(X) Ha
cermenTi [a; b].

3Haiinemo koedimieHTn Takoro psgay. OOwaBi yactmHU piBHOCTI (15)
IOMHOXMMO Ha @1(x) Ta MOWICHHO IPOIHTETPYEMO Ha cerMeHTi [a; D] 3rigHo 3
TEOPEMOIO MPO MOWICHHE 1HTErpyBaHHS (DYHKIIIOHAILHUX PSIIB.

Buxomutb

b b b b
[ £00 @100dx =2 [oF ()dX +Rp [ 95 (X) @1 (X)AX+ ..+ Ao [ 9 (X) @y (X)X + ... (16)

VY mpagiif vactuHi piBHOCTI (16) mepmmii 3 iHTETpaIiB TOPIBHIOE OJUHUIL SK
KBaJ[paT HOPMH HOPMOBaHOI (PpyHKIIT @1(X), yCi 1HIII IHTErpaax JOPIBHIOIOTH HYIIO,
OCKIJIbKHM BOHU € CKaJSIPpHUMU J00yTKaMU OPTOTOHAIBHUX (PYHKIIIH.

TakuMm 4MHOM, MAEMO

b
M= [ 09 01 ()dx (17)
a
V takuii criocidé MokHA 3HAWTH yci iHII KoedimienTu psaay (16).
Otxe,
b
A= [ 100 0 (00x, (18)
a
nen=1;2;3;....

Psan (15) nasuBaetbes yzaeanvHeHum psioom Dyp’e, ckianeHuM i QyHKITT
f(X) Ha cermenrTi [a; b].

Koedimientn takoro psamy 3Haxonatbes 3a dopmysor (18) Ta HazuBarOThCsS
koediuientamu psagy Dyp’e.

VY 3anexHocTi Bia GyHKIIH, M0 yTBOPIOIOTE cuctemy (14), psn dyp’e moxe
MaTH Ty YH IHIIY CTPYKTYpY.

Axio 3amicTe opToHOpMOBaHOI cucteMu ¢GyHKIINH (14) B3ATH OPTOTOHAIBHY
Ha cerMeHTi [@; b] cucremy dynkmii

y1(X); w2(X); wa(X), - Wa(X), ... (19)

Ta 1Mo YHKIISAX i€l cucTeMu po3kiactu GpyHkiiro f(X) y psa

f(X) = paya(X) + paw2(X) + pawa(X) + ... + payn(X) + ...,
TO KOC(PIIIEHTH IHOTO PsIAY OyAYTh 3HAXOAUTHUCH 32 (OPMYJIIOIO



b
J T (eq (x)dx

.Mn = a b ’ (20)

[ @h (x)dx

a

nen=1;2;3;

3aeoanna ona camocmiinoi podomu. IcHye ©OaraTo PpI3HOMAHITHHX
OPTOTOHAJIBHUX Ta OPTOHOPMOBAHMX CHUCTEM (YHKIIH, SK-TO cucteMa (YHKIIHI
Panemaxepa, cuctema ynkuiii Yommra, nominomu Jlexxanapa, momiHomu fko0i Ta
1HIII, 3 SKUMHW MOKHA O3HAaHOMUTHUCH Y TIOAATKOBIH JITEpaTyp.

BuOip Ti€i yM 1HIIOI CHUCTEMH OPTOTOHAJIBHMX (DYHKIIN A1 PO3KIAJaHHS y
psan @yp’e dynkuii f(X) 3anexuTh Bij TOrO, IKHii mporec onucye GyHkiis f(x).

VY Teopii eneKTpo3B’sI3Ky, Y PaAlOTEXHIIl BaXXJIUBY POJIb BiAITPalOTh CUTHAJIM.
Jlns  JocHimKEHHS CHUTHATMIB 3a JIOMOMOTOK Ps/AIB  HAaWOUIbII MOIIUPEHUMH
OpPTOTOHAJIBHUMU CUCTEMAMU (DYHKIIIM € TPUTOHOMETPHUYHI CUCTEMH (DYHKITIH.

2.2 Tpuronomerpuynui psg @yp’e ta oro koepinieHTH

Hexaii f(X) — nepioguuna ¢yHkitis 3 nepiogom T = 2.
3HaiinemMo po3BuHEHHs (yHKLIT B psag Dyp’e mo PyHKIIAX OPTOHOPMOBAHOI
CUCTEMU

——CO0SX; ——SIN X; ——=CO0S2X; 1 ——sin 2x;.. 1 cosnX'isinnx;..., (21)

\/_J— \/_ J_ 'Jr T

BHU3HAYEHOI Ha CErMeHTi [-7; 7).

VY takomy pasi psg Oyp’e ans ynkuii f(X) mae Burmsia

a : :
—2 4 a,c0osX + b, sin x +a, cos2x + b, sin 2x + ...
2
(22)

: ay & :
..+ @, cosnX + b, sinnx+...=—>+ > (a, cosnx + b, sin nx)
n=1

Ta Ha3UBAETLCS MmpucoHomempuyHum psoom Pyp’e gynuxyii 1(X).
[Ipy IbOMY BUKOPUCTOBYETHCS MO3HAYCHHS

f(x)~ a_20 + > (a, cosnx+ by, sinnx).
n=1
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bynemo BBaxkatw, 1110 psja (22) Ha cerMeHTi [—7; 7] piBHOMIpHO 30ira€Thcst 10
¢bynskii f(X). Ockinbku psig (22) 30iraeTbest piBHOMIPHO, TO HA HHOTO TOIIHPIOETHCS
TeopeMa IMpo MOUJICHHE IHTETpyBaHHS (YHKIIIOHATBHUX PSIIB.

[TpoiHTerpyeMo MOWICHHO PiBHICTH (22) HAa CeTMEHTI [—7; ):

T

I T T
.[ f(x)dx=a70 jdx+ & Jcosxdx+ by Isin xdx +...
-7 -7 - -T (23)

I T
..t a, J‘cosnxdx+bn sinnxdx +....
—T —T
3 opToroHanpHOCTI cucteMu (pyHkuii (21) Buxoauts, mo y piBHOCTI (3.144)
yC1 IHTErpajgy NpaBoi YaCTUHU, 32 BUHITKOM MEPILIOTO, JOPIBHIOIOThH HYJIIO.

OTtxe,
T

Tff(x)dx:% —ar, (24)

—T

-7

3BIIKHU
a, = 1 [ £ (x)dx (25)
T _n

Jlami oOuaBl YaCTHHH PIBHOCTI (22) MOMHOXHMO Ha HEMEepepBHY (QYHKIIIIO
COSNX Ta OTPUMAEMO y IMpaBii YaCTHHI PIBHOCTI pANl, SIKUHA TaK0X pPIBHOMIPHO
30iraeThCsi Ha CerMeHTi [-7; 7).

[ToueHHO MPOIHTErPYEMO Ha CErMEHTI [T, ] 1el psia 3rigHO 3 TEOPEMOIO
PO MOWJICHHE IHTETPYBAHHS (PYHKIIOHAIBHUX PSAAIB MAEMO

T a Y T
[ f(x)cosnx dx:?0 [cosnxdx+ay [cosxcosnx dx+

—-N —T —T

T T Y
+b; [sinxcosnxdx+a, [cos2xcosnx dx+b, [sin2xcosnx dx+...

—T -7 —T

T T
..+a, [cos® nxdx+b, [sinnxcosnxdx-+... (26)
—T —T

VYci iHTerpanu mnpaBoi 4YacTUHU piBHOCTI (20), 3a BHUHSTKOM IHTErpala

T
JCOSz NX dX, TOPiBHIOIOTH HYJIIO B CHITY OPTOrOHAIBLHOCTI (QYHKIH crcTemu (21).
—T
Buxoauts, 110
T

=,

I T Y
_ 2 _n Ay, 12
J‘f(x)cosnxdx—an Icos nxdx = 5 I(1+ cos2nx)dx = 5 (x+2nsm nx)j

-n -7 - -7

3BIIKHU
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T
a :% _[ f (x)cosnx dx, (27)
-7

nen=1;2;3;....
AHaJIOTIYHO MAEMO

T
b, == j f (x)sin nx dx, (28)
7T
-7

nen=1;2;3;....
2.3 JlocraTHi 03HAKM po3BMHEeHHS PYyHKUIly psiag Pyp’e

Axmo nepioguuHy 3 nepiogoM T = 21 QyHKUit0 po3kiactu y psan Pyp’e, To
MOJKE TaK CTaTHCh, III0 cyMma o0y I0BaHOTO psdy He nopiBHIoEe GyHKIii f(X).
B npoMy Bumajky B piBHOCTI (22) 3aMICTh 3HaKa «=» CTaBUTHCS 3HAK ~, TOOTO

a X .
f(x)~ ?O + > (a, cosnx + b, sin nx).
n=1
Po3srnsiHeMo yMmoBH, 3a skux cyma psgy ®yp’e, moOymoBaHoro s (yHKIIIT
f(x), 30iraerbes 3 ¢pynkiiero f(X).

Busuauenns. Oyakuisa f(X) Ha3suBaeThCs Kyckoso-nenepepsHowo Ha
ceemenmi [a; D], AKmo 1el cerMeHT 3a JOMOMOrOK CKIHYEHHOI KiIBKOCTI TOYOK
MO’KHA pO30MTH Ha cerMeHTH [@; X1], [X1; X2l, [X2; X3], ..., [Xn1; D] Tak, mo Ha KOX-
HOMY 3 IIMX CerMeHTIB (yHKiis f(X) € HemepepBHOIO Ta ICHYIOTh T'PaHWYHI 3HAYCHHS

f(a + 0); f(xy — 0); f(xs + 0); f(x2 — 0); f(x2 + 0), ..., f{(Xn-1 — 0); f(Xn-2 + 0); f(b — 0).

Busunauenns. Oyakmis f(X) Ha3HMBAETbCSA KYCKOBO-MOHOMOHHOW HA
ceemenmi [a; D], AKmIO 1€l CerMEeHT 3a JOMOMOrO CKIHUYEHHOI KIJIBKOCTI TOYOK
MOKHa Po30MTH Ha iHTepBamu (a; X1); (X1; X2); (X2; X3), ..., (Xn-1; D) Tak, mo Ha
KO)KHOMY 3 IMX iHTepBaliiB (yHKIIis f(X) € MOHOTOHHOIO (DYHKIII€TO.

Busuauendns. Oyuakuisa f(X) HasuBaeTbes enaokoro na ceemenmi [a; b,
SKIIIO BOHA HemepepBHA Ha cerMeHTi [&; D], a 11 mepiia moxigHa € HemepepBHOIO
dyHKIiero B inTepBai (a; b).

['padix rnagkoi GyHKIII € M1aIKOI0 KPUBOIO.

Busunauenns. O®yukmig f(X) Ha3HBaeTbes Kycko60-21a0Kol0 Ha
ceemenmi [a; D], AKmo 1eii cerMeHT 3a JOMOMOrO CKIHUYEHHOI KIIBKOCTI TOYOK
MOKHa po30uTH Ha iHTepBanu (@; X1), (X1; X2), (X2; X3), ..., (Xn1; D) Tak, mo B
KOKHOMY 3 HUX ¢yHKIis f(X) € rimaakoro GyHKITiErO.

I'padix KyckoBO-TMIaAKOT (DYHKINI CKIANAETHCSA 31 CKIHYEHHOI KUTBKOCTI TIQIKHX
TyT.
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Teopema 1 (dipixue). Hexaii ¢pynkmis f(X) 3amoBonbHsIE€ yMOBH:

1) € mepioAuYHOIO 3 TIepiofAoM T = 2m;

2) € HeIepepBHOIO a00 KYCKOBO-HEIIEPEPBHOIO HA CeTMEHTI [—T; 7];

3) € MOHOTOHHOI 200 KyCKOBO-MOHOTOHHOIO Ha CErMEeHTI [—; 7].
Toni:

1) psan ®dyp’e, moOymoBanuii mnsa ¢yskiii f(X), 3a Oyab-1KOro 3HaYCHHS
X € [-m; w] 36iraerbes mo cymu S(X);

2) y toukax HemepepBHocTi (yHKIIl f(X) 3HaueHHs cymu S(X) HOPiIBHIOIOTH
3HaueHHAM QyHKIIT f(X);

3) y Toukax pospuBy ¢yskmii f(X) 3HadenHs cymum S(X) HOPIBHIOIOTH
CepeIHbOMY apU(PMETHYHOMY OIHOCTOPOHHIX TpaHUYHUX 3HaueHb (QyHKIl f(X) y

IIUX TOYKax, T00To S(X) = %(f (x=0)+ f(x+0));
4) Ha KIHIOAX cerMeHTa [-7m;, @] cyma S(X) BH3HAYAETHCA TAKUM YHHOM
S(-m) = S(n) :%(f (crn+0)+ f(x—0));

5) Ha OyIp-SKOMY CETMEHTI, IO BXOIWTH JO IHTEPBAIY HENEPEPBHOCTI
¢bynkii f(X), psa @yp’e dynkiii f(X) 30iraeTbest piBHOMIPHO.

3AYBAXEHHS 1. @ynkunis f(X) 3agoBonbHse ymoBu Jlipixie Ha cerMeHrti [a; b],

SIKIIO 11T PYHKITIS:
1) € HenepepBHOI a00 KyCKOBO-HENIEPEPBHOIO Ha cerMeHTi [a; b];
2) € MOHOTOHHOIO 200 KyCKOBO-MOHOTOHHOIO Ha cerMeHTi [a; b].

3AYBAXEHHS 2. ®ynkuis f(X) 3amoBonbHsie ymoBu Jlipixie Ha cermenTi [a; b],
SIKIIO IS PYHKITIS:
1) e HemepepBHOO Ha cerMeHTi [a@; b] a00 Mae CKiHYCHHY KUJIbKICTh TOYOK PO3PUBY
MIEPIIOTO POIY;
2) € MOHOTOHHOI Ha cerMeHTti [@; D] abo Mae ckiHUEHHY KIJIBKICTh TOYOK
EKCTPEMYMY.
HaBeneni ¢opMynipoBKH € €KBIBAJIECHTI.

Teopema 2. Hexaii ¢pynkiis f(X) 3a10BobHSIE YMOBH:
1) € mepiogu4HOIO 3 epiojoM T = 2;
2) € r1aaKor abo KyCKOBO-TJIaIKOI0 Ha CerMeHTi [—t; 7).
Toni:
1) pan ®yp’e, mobynoBaumii s ¢yskmii f(X), 3a Oyab-1Koro 3HaYCHHS
X € [-m; m] 30iraeTbes 1o cymu S(X);
2) y Toukax HenepepBHOCTI ¢yHkiii f(X) 3HadeHHs cymu S(X) TOPIBHIOIOTH
3Ha4YeHHAM QyHKIii f(X);
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3) y toukax po3puBy ynkmii f(X) 3HaueHHs cymu S(X) IOPIBHIOIOTH
CepeIHbOMY apU(PMETUYHOMY OIHOCTOPOHHIX TpaHWYHHUX 3HaueHb (yHKuii f(X) y

X TOYKax, T00To S(X)= %(f (x—=0)+ f(x+0));
4) Ha KIHIX cerMeHTa [—m, 7] cyma S(X) BH3HAYAETHCS TaKUM YHHOM
S(-m) = S(n) :%(f (crn+0)+ f(x—0));

5) Ha OyAb-SKOMY CErMEHTi, IO BXOJUTh JI0 IHTEpPBAYy HEMEPEPBHOCTI
byukii f(X), paax @yp’e dynkuii f(X) 36iraeTbes piBHOMIPHO.

Teopema 3. Hexait ¢pynkuis f(X) 3amoBonbHSIE yMOBH:

1) BU3HauYCHa Ha CErMEHTI [T} 7];

2) po3knagaeThes y psag Oyp’e;

3) Ha KIHIIIX CerMEHTA [, 7] mpuiiMae 0 JHaKOBI 3HaYeHHs, To0TO f(—7) = f(7);

4) moxigHa TEePIIOTo MOPSAKY Ha KIHIISIX CeTMEHTa [—7; T] mpuiiMae OJHAKOBI
3HaueHHs, Tooto f'(-n) =f'(n);

5) moxijHa APYroro MOpsIKy Ha CerMeHTI [—7; ©] € oOMexeHor (yHKIIi€,
TOOTO

If”"(x)| < M.

Toni psin @yp’e pynkuii f(X) Ha cermenTi [—m; 7] 30iraeThcsi piBHOMIPHO Ta
abCOJIOTHO.

Teopema 4. Hexait ¢pynkuis f(X) 3a10BosbHSIE YMOBH:

1) Bu3HauYeHa HA CerMeHTI [T} 7];

2) Ha KiHIIIX CerMEeHTa [—T; 7] mpuiiMae oJHaKOBI 3Ha4YeHHs, TOOTO f(—m) =
f(r);

3) moxiJaHa MEepIIoro MOPSAKY Ha KiHISIX CerMeHTa [—m; ] mpuiiMae oTHaKOBI
3HaueHHs1, Tooto f'(-n) =f'(n);

4) moximHa APYroro MOPSAKY Ha CEIMEHTI [-m; m] € oOMexeHow (DYHKIIIE0,
toboTto |f"(X)| < M.

Toni ¢pynkuis f(X) Mmoxxe OyTn Ha cermenTi [-7; ] po3BuHeHa y psg Dyp’e i e
PO3BUHCHHS € €JMHHM.

[Tpuitmemo Teopemu 1-4 6e3 noBeIEHHS.

Ipuknaaau 10 NyHKTY 2

Ipukaan 1. Posknactu y psin @yp'e hyHKIIO
4X, gxmo — < X<0;
)=y,
2X, akmo 0 < X < .
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Po3B'ss3aHH4

3HaxXoAMMO KOE(IIIEHTH TPUTOHOMETPUUHOTO psiny Dyp’'e (22) 3a popmynamu
(25), (27), (28):

0 T T
4 0
ao=1 4xdx+£.|.2xdx:£(2x2 + X2 ]:E(0—2n2+n2—0)=—n.
T ¢ T TC -7 0 7T
-7 0 )
19 1% U=x dU =dx;

a, =— | 4xcosnxdx+= | 2xcosnxdx = 1 . =
N T dV =cosnxdx;, V ==sinnx
-7 0 L n
0 0 T T
=— zsinnx —l sinnxdx]+E 5sinnx —lj.sinnxdsz

n n n_-7T | n 0 n0
0 T
4 1 21 1
=—| — Cosnx +—| —cosnx |=
T N - T N 0

4 o 2-2cosnt 2
=——(—cosnm) + — (cosnn —1) = > =—(1—cosnm);
7N 7N mn 7N
9 m U=x dU =dx;
1 : 1 .
b, == I4xsm nxdx+—_[2x3|n nxdx = : _ 1 =
T P dV =sinnxdx; V =-=cosnx
L’ 0 L n
0 0 n T
41 X 1 2| X 1r¢
=—| ——Ccosnhx +—Icosnxdx +—| ——cosnx + —|cosnxdx |=
Tl N _. N nl n o N
4 = 1 . "l 2 = 1 . i
=—| ——COSNX+—SiNNX [+ —| ——COSNX+—siNnNx |=
|l n n o) m N n 0

2 6
= ——C0SNT——COSNT = ——COSNT.
n n n

O1xe, MacMo

T X 2 6 .
f(X)~——+ 2—2(1— COSN7) COSNX — —CoSN7SIN NX
2 pamn n

abo
00 n
f(x)=—£+2“21 (21) cosnx—ﬁ(—l)“sin nx,
2 | TN n

tak sk ¢pyHkiis f(X) 3amoBonbHse ymoBam Jlipixiie.

0 _(_1\n
BignoBings: f(x)=—£+2“21 (21) cosnx—ﬁ(—l)“sinnx.
2 | TN n
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Hpuxnaaag 2. Poskmactu y pax ®yp'e dynkmito f(X)=x*+X B inTepsani
(—m; 7). [ToOymyBaTH rpadik cymu psy.
Po3B's3aHu4

3HaiiiemMo koedinientu psagy dyp'e, kopuctyrounck dopmynamu (25), (27),
(28):

1 1(1 5 1 "
ag == [(x2 +x)dx:—(—x3+—x2] :3(1(n3+n3)+1(n2 —n2))=3n2;
T T\ 3 2 I AN 2 3

i U=x?+x; dU=2x+1Ddx
a, =— j(xz + X)cosnxdx= 1. =
T dV =cosnxdx; V ==sinnx
1] x% +x " 17 1 7
=— sin nx ——j(Zx +1)sin nxdx :——I(2x+1)sin nxdx =
T N n nm
-7 -7 -7

= Y2k v TZdX = 2X+1c:osnx _2 ]Ecosnxdx—
~ | dV =sin nxdx; V:—Ecosnx T 2 . n2n_n B
2n+1 -2n+1 2 . §
=——5—COSNT — ————COSNRt — — ——sinnx =
n°m n°m n°n n
1 Arcosnt 4 _
= ——(2rcosnz + cosnw + 2rcosNT — COSNT) = ———— = —COSNT;
n-rw nw n
1E U=x?>+x; dU=(2x+1)dx
b :—I X< + X)sin nxdx = . =
" n ( ) dV =sinnxdx, V _ L cosnx
g n
2 T T
. X cosnx +£J.(2x+1)cosnxdx =
T n n
—T —TT
2 2 T
:1 _I +ncosnn+n ncosnn+1j(2x+l)cosnxdx]=
T n n
—T

dV =cosnxdx; V = Esin nx
n

n n n

) U=2x+1 dU = 2dx 1 2
7T

2
T
—(— —Ccosnmw — —cosSnmt + —CosSNm —

i

n n n

-7

T 1{2x+1 . | 27%. 1 2=n 2
——cosnm + — Sin NX ——J.sm nxdx = — ——COSHTE+—3COSHX
ne N n

1( 2= 2 2 2
=— ——COSHTC+—3COSHTE——3COSHTC =——Co0snm.
T n n n n
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Psy ®yp'e nna pymkmii f(X) = Xx* + X B inTepBani (—7; ) Mae BUIIAX

, 1, &[4 2 .
X2+ X==n +Z —-cosNm |cosnX + | — =cosn |sin nx
3 ~\n n

abo

© 4 N _q\n
x2+x=1n2+z4( 2) cosnx— 25D sinnx Wi X € (-, 7).
n=1 N n

[ToOynyemo rpadik cymu psmy. B inTepBanmi (—m; m) rpadik cymu psimy

36iraeThest 3 TpadikoM camoi GyHKil. Ko GYHKIH0 Y = X? + X MOJATH y BT

1 1 :
y+ ri (x+ 5)2, TO OYEBU[THO, 1110 3a7aHa (QYHKIIIS BU3HAYA€E Mapadoily 3 BEPUIMHOIO

: 1 1 : . 1 .
y Toumi A _E;_Z , CUMETPUYHY BIJTHOCHO MPSIMO] X:—E. [Nk mapabonu

HanpsMJICHI Bropy.
Cywma psany @yp’e € nepiogunaHoO0 (YHKIEO 3 TIEPI0IOM 27T
OTxe, Ha KOXKHOMY 3 TIPOMDKKIB (—7 + 2K, T+ 2Kn), ne K € Z, rpadik cymn

psIy TTIOBTOPIOETHCS, & Y TOYKAX PO3PUBY, TOOTO y Toukax 7+ 2Km, ne KeZ , cyma

S()

<Yy

psiny HaOyBa€e 3HAUCHHS %((TEZ — 1)+ (n® + TE)) 4y TO T2 (JUB. PUCYHOK 2).

Pucynox go npukiagy 2
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4(-1)" 2(-1)"

cosnx —

5 sinnx.
n n

) ) 1 -
BingooBiasb: X2+X:§“2+Z
n=1

3 Oco0,IMBOCTI PO3BUHECHHA
y paa Pyp’e nepioguyHUX Ta HenepioguIHUX QyHKIIA

3.1 Po3BuHenHs y psag Pyp’e nepioguaHoi pyHKuii

Hexaii ¢yukiisa f(X) Ha cermeHTi [-wt; 7] 3a10BOJIbHSIE YMOBU PO3BUHEHHS Y
psan @yp’e Ta € mepioAUIHOIO PYHKITIEIO 3 IepiogoM T = 27.

Jns wiel GyHkiii Ha cerMeHTi [-wt; 1] Oyayerbes psin Pyp’e, a cyma S(X) 11bOro
psIy Ha CETMEHTI [—7; 7] y TOuKax HermepepBHOCTI gopiBHIOE QyHKIT f(X).

Ockinbku ynkiis f(X) e 2n-nepiognunor0 (GYyHKINER, TO BOHA MEPIOJTATHO
MOIIMPIOETHCS HA YCIO YUCIIOBY Bich. Cyma S(X) psaay @yp’e € cyMoro NepioIuIHnX
byHKIA, a omxke, 1 cama QyHkiis S(X) € nepioguuHor (QyHKIEr0. Buxoaurs, mo
no3a cermeHToM [—; ] 1 pynkmis f(X) 1 pynkiis S(X) BU3Ha4YeHI, a IXHI 3HAYCHHS Y
TOUYKax HenepepBHOCTI GyHkiii f(X) 30iraroThCes.

3.2 Po3BuHenHs y psia Pyp’e HenepioanuHoi pyHKuii

Hexaii pynkmis f(X) Bu3HaueHa juie Ha CerMeHTI [—m; ] 1 3a70BOJIBHSIE HA
IIbOMY CETMEHTI YMOBU po3BUHEHHs QyHKI1 y psg Dyp’e.

Hus miel Gynkuii Ha cermeHTi [-m;, ©] Oyayerbes psg Dyp’e, a cyma S(X)
I[LOTO PSIIy HA CETMEHTI [-7; ] y ToYkax HemepepBHOCTI nopiBHIOE GyHKIIii f(X).

Cyma S(X) sk mepiogudHa (YHKIIiS TOIIMPIOETHCS HA YCIO YUCIIOBY BICh, aje
HE Mae Hidoro cmijbHOro 3 ¢yskmiero f(X) mo3a cermeHTOM [T, 7], OCKIIBKH
¢dyskuis f(X) moza cermenToM [T, 7| HE BU3HAYCHA.

[Mpunyctumo temnep, mo ¢yukimis f(X) Bu3HaYeHa 1 Ha cerMeHTi [-7; 7] 1 mo3a
MM CErMEHTOM, ajie BOHa He € mepioanyHoro ¢yHKIiew. Ha cermenti [-m; m]
¢ynkist f(X) 3a70BoNIbHSAE YMOBH PO3BHHEHHS QyHKIIT y psix Pyp’e.

s miei pynknii Ha cermeHTti [-m; m] Oyayetses psax Pyp’e, a cyma S(X)
I[LOTO PSIIy HA CETMEHTI [—7; 7] y TOYKax HemepepBHOCTI nopiBHIoe GyHKIIii f(X).

Cyma S(X) sk mepioguuHa (YHKIlIS TOIIMPIOETHCA HA YCIO YHCIIOBY BICH,
¢ynkis f(X) Takox BU3HAaYCHA 1034 CErMEHTOM [—t; 7], ane ockiibku (yHkiis f(X)
HE € 27m-nepioAnyHo0 (QyHKIlE0, TO 3HAYeHHs cyMu S(X) Ta BIAMOBIIHI 3HAYCHHS
¢bynkmii f(X) mo3a cermenToM [—7; 7] He 30irarThCs.
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[Mpuxiaaam 10 nyHkry 3

Ipukaan 3. Posknactu B psag Pyp'e nepiogudHy PpyHKITIIO
sin 2X, axmo — < X < 0;
f(x)=
Cc0S2X, sxmo 0 < X < .

[ToGymyBatu rpadik ¢pynkmii f(X) Ta rpadix cymu psay S(X).

Po3B'a3aHHa

@yukuisn f(X) € 2n-nepioguuHoro ¢yHKIiew. OTxe, JOCTaTHBO MOOYTyBaTH
st Hei psan Pyp'e B iHTepBai (—m; ).

3HaxoauMo koedimientu psay Dyp’e (22) 3a hopmynamu (25), (27), (28):

0 e

+isin 2X

-1 (cosO—cos2n) =0.
21 21

0 T
ag = 1 'fsin 2xdx + lIcostdx = —ic052x
n my 21

0

—-T

0

T 0
a, = 1 Isin 2xcosnxdx + lIcostcosnxdx= i[ I(sin(z +Nn)X +sin(2 — n)xdx +
U T 27 7
' 1 1 0
+ I(cos(z +n)X+cos@2—-n)x)dx |= —| ———cos(2+n)x -
) 2t 2+n a
1 L 1 "
———C0S@2—-n)Xx +——=sin(2+n)xl +——sin(2—-n)x |=
2-n . 2+n . 2— 0
=i - L(1— cos@2+n)m) — L(1— cos(2— n)TC)j =
2t 2+n 2—-n
N PR - 1 cos(n+2)n—icos(n —2)71)) =
2n\n—-2 n+2 n+2 n-2
1 4 1 1
=— + cos(n+2)r———cos(h—2 :
2nt\n’-4 n+2 h+2)m n—2 ( )n))
0 T
b, = 1 Isin 2xsin nxdx + 1 c0s2xsin nxdx =
T T 0

—-T
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0 b
_ 1 f(cos(Z—n)x—cos(2+n)xdx+ i_[(sin(n+2)x+sin(n—2)x)dx =
27 . 27:0
0 0
11 1 . 1 .
=—/| ——sSin(2—-n)Xx} ———sIN(2+n)x -
2r| 2—n ( ) . 2+ ( ) n

T

1
————cos(h—2)x
5 (h-2)

—Lcos(n + 2)X
n+2

0

)

_ L —Lcos(n+2)7:+L—LCOS(H—2)TC+—1 -
2\ n+2 nN+2 n-2 n-2
:i 1 + t 1 cos(n+2)n—LCOS(n—2)ﬁ)j=
2r\n+2 n-2 n+2 n-2
1( 2n 1 1

== — cos(n+2)r———cos(h—2 :
on\n?—a nz AR08 )m)

Psn ®yp'e nis 3ananoi GyHKINT Mae TaKUH BUTIIAT

f(x):izunf_4+ L cos(n+2)n—i2cos(n—2)n)-cosnx+

2 = n+2 n-—

2n 1 1 :
+| = — cos(n+2)r ———cos(n—2)x |-sinnx |.
n“—-4 n+2 n—2

50 ]

NN DN N DN N L

Pucynok a0 npuknany 3

Bamana ¢yukuis f(X) € 2n-nepioguunoro ¢yHkiiewo, cyma S(X) psaay Pyp'e
TaKOX € 27-TIepioANYHOI0 QYHKIIi€r0. Y Toukax HenepepBHOCTI GyHkiiil f(X) rpadiku
¢bynkmii f(X) Ta S(X) 30iraroThest, a y Toukax po3puBy (yHkiii f(X) ¢ynkmis S(X)
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HaOyBa€ 3HAYCHHs, SIKE JIOPIBHIOE CEPEIHBOMY apU(PMETUYHOMY OJHOCTOPOHHIX
rpanuis. Ha pucyHKky 111 3Ha4eHHS [MO3HAYEH] 31pOYKOIO.

BignoBigs: f(x):iZ(( 24 st cos(n+2)n—icos(n—2)njcosnx+

2ne=\\n“-4 n+2 n-2

2 1 1 .
+ n__ cos(n+2)t ———cos(n—2)x |-sinnx |.
n>—4 n+2 n—2

Hpuxknax 4. Po3ximactu y psaag Dyp'e  nepioguuHy  (YHKILIO
f (x) =arcsin(sin x). ITooyaysatu rpadik dyukuii f(X) Ta rpadik cymu psay S(X).
Po3B'ss3aHH4
®dyukmis  arcsin(sin X) € 2a-nepiognuHoro (dyHkmiero. OTke, T0CTaTHHO
po3kiacTu 110 PyHkuio y psaa Oyp'e Ha TPOMIKKY [—7T; 7).
®dyukmis arcsin(sin X) BusHadeHa it X € (—o0;+00) 1, 10 TOTO K, I (PYHKI[iSA

MOXe OyTH T0J/IaHa Y BUTJISI
. T T
arcsin(sin X) = X — 27N, sk 27N —— < X < 2nn+—,

ne nel.

Ha mpomixkky [—m; 7] 1r0 QyHKIIII0 MOKHA 3a7aTH Y BUTIISIL
T
—X—TE,SIKH_IO—TCSX<—E;

. . T T
arcsin(sin x) =1 X, SKIIO — 2 <X < 5

T
—X+TE,5IKHIOE<XS7T.

3naxomumo koedirienTr psay Pyp'e (22) 3a hopmynamu (25), (27), (28):

1 2 2 T
ag=— —X—mn)dX+ | XdX+| (=x+ w)dX |=
0="| [x=mdx+ [xde+[(-x+m)

- _n ud
2 2

1{ 1 2 @1 r

=2 - Z(x+m? +=x} —Z(x-m)? }:
T - = 2 x
2 2

a |
N

2 2 2 2 2 2
Y P T L N PO | B L BN
4 2| 4 4 2 4 21 4 4
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7T
n 2 2
_T n
2 2 T
ne Iy =-— I(x+n)cosnxdx, I, =—jxcosnxdx, I3 =—I(x—n)cosnxdx
—TC _T T
2 2
-3 U=X+mr dU = dx
| :—I X + m)cosnxdx = 1. =
1 ( ) dV =cosnxdx; V =—=sinnx
X+m . B n . nh 1 2
=———sinnx +—jsmnxdx=—sm———zcosnx =
n Nz 2n 2 n .
T . Nm nr nm . nt 1 nt 1
=_——SiN— ——| COS———COSNT | = _—SiN— — — COS—~ + — COSNT.
2n 2 n 2 2n 2 n 2 n

——

I, xcosnxdx=0 sk iHTerpaia y CAMETpUYHHUX MEXaX Bijl HermapHoi QyHKIIi1.

N

n U=Xx-m; dU =dx
| :—J. X — ) cosnxdx = 1. =
3 ( ) dV =cosnxdx; V ==sinnx
b n
2
(x-m) . |© 17 . T . nm 1 i
- sin nx +—jsm nxdx=——sin— ——-cosnx =
n TNy 2n 2 n n
2 2 2
n . nt 1 N7 nt . nt 1 1 nm
=_——S§in— ——| oSN — COS—~ |=_——SiN— — —-COSNT + — COS—-.
2n 2 n 2 2n 2 n n 2
n . nt 1 nct 1 n . nmt 1 1 nm
| =——3si ———Zcos—+—Zcosnn——sm———Zcosnn+—zcos—=0.
2n 2 n 2 n 2n 2 n n

1 T

2 b

2
bn:E - j(x+n)sinnxdx+ jxsinnxdx—j(x—n)sinnxdx :1(|1+|2+|3),
7T 7T

—T TU

2
il

_n
2
b4
2 2
ne Ilz—j(x+n)sinnxdx, Izz—jxsinnxdx, l;=-

—T

(X — m)sin nxdx.

I\)‘?-] !—.;‘

_T
2

2 U=Xx+m; dU =dx
ly=- j(x+ m)sin nxax= dV =sinnxdx: V :—Ecosnx -
—TT n

19

21

1 2 2 L 1
a, =—| — [(x+m)cosnxdx+ [xcosnxdx— [(x—m)cosnxdx |==(I + I, +I3),
_n T 7T
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+1 2

1 2
_= jcosnxdx:
n !’

2
cosnx
n

T nmn 1 .
—cos———zsmnx =
. 2N

n —TT
T nrw . hm . T nt 1 . nrx
=-—C0S— ——| —sin—-+sinnm |=_——C0s— +—sin—-.
2n 2 n 2 2n 2 n
2 2 U=x dU =dx
| :jxsinnxdx=2jxsinnxdx= ) 1 =
2 dV =sinnxdx; V =—-=cosnx
_n 0 n
2
T > T
2X 2 2 T nct 2 . 2 T nt 2 . Nm
=—CoSnx + —_[cosnxdx= ——C0S—— +—sinnx ——C0S—— +—sin—.
n o N n n 0 n 2 n
0
T U=x-m; dU =dx
| :—I X —1)sin nxdx = ) 1
3 ( ) dV =sinnxdx; V =—=cosnx
z n
T T T
-7 1 T nc 1 . T nt 1 . nx
=_——COoShx ——jcosnxdx:—cos———zsmnx =——C0S— +—sin—.
n . Nz 2N n = 2N 2 n 2
2 2 2
1 =n nt 1 . nt = ntc 2 . Nt = nt 1 . nx
| ==| ~—COS—+—Sin——~—C0S— + —SiN—+ ~—COS— + —Sin —
mt\ 2n 2 n 2 n 2 n 2 2n 2 n 2
4 . nm
=—sin—.
7in
3anucyemo psa Oyp'e:
o 431 . nm.
arcsin(sin x) == »_— sin—sin nx
7T 4= 2 2
n=0
a0o0

o 43S (-Dk
arcsin(sin x) = — Z—Zsm(Zk +1)X.
T o2k +1)

[Tooynyemo rpadiku Gpyukiii f (x) =arcsin(sin X) ta cymu S(X) psaay @yp'e.
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Pucynok no npuknany 4

Ockinpku ¢yHkIis f(X) € mepioguuHOI0 Ta HEMEPEPBHOIO, TO 3a OYIb-IKOTO
X € (—oo;+o0) rpadiku f(X) Ta S(X) 36iraroThcs.

. . o 42 (D%
Bigmosias: arcsin(sin X) =— » ——=—sin(2k +1)x.
(8 x) Tckzz(:)(Zk+1)2 ek +1)

Hpuxnan 5. Po3knactu B psia @yp'e pyHKIIiIO

F(X) = —X, —mt<x<0;
0, O<x<m,

BU3HAUYCHY HA CETMEHTI [—TT; Tt].
Po3B’si3aHHA
3naxomumo koeditienTr psay Pyp'e (22) 3a hopmynamu (25), (27), (28).

0 T 0
ao:—ij‘xdx+lj.0dx:—ix2
T TCO

n
2n |, 2

—T
. 0 U=x; dU =dx
an :—; jXCOSﬂXdX: dv :COSnXdX; V :%Sin nx N
—T

0
1] x .
=——| =sinnx

:—iz(l—cosnn);
_x TN

TCn2

o 49 J 11
——J.sm nxdx |=——-—cosnx
Tl n n

U=x dU = dx ]
n

0
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0 0

1 1| =« 1 .
+—J'cosnxdx =——| ——cosnm +—Ssin nx
n | n n?

0

1] x 1
=——| ——CoSsnx —cosnrw.

T n

-7 n -7

OT1xe, MaEMO

%0
f(x)= i Z[% (cosnmt —1)cosnx + 1cosnn -sin nxj :
n=1\ TN N

[Tooyayemo rpadiku Gyukiii f(X) ta cymm S(X).

Ockinbku ¢ynkuis f(X) € HemepioguuHor, TO Tpadik (GyHKIIT po3MimeHHI
JIMIIIE Ha CerMEHTI [—T; 7.

Hes3Baxaroun Ha Te, mo ¢ynkuis f(X) He € mepiogmunoro, cyma S(X) psmy
®dyp'e mia dyukuii f(X) € 2n-nepioguunoro ¢pyHkiiero. ['padiku dpynkmii f(X) Ta S(X)
30irafoThcs B IHTEpBAJ (—TT; 7), a 103a UM iHTepBaioM ¢GyHKIIiS S(X) TaKoXK ICHYE, a
il rpagik Mep1oANYHO TOBTOPIOETHCS.

>

f(x) /

Y

- 0 T X

O-—-*—--

Y

<Ok

6)

PucyHok 10 npukiangy 5

o0
: : T 1 1 :
BignmoBins: f(X) :—+Z£—2(cosnn—1)cosnx+—cosnn-sm nx].
n
N\ 7N

4. OcobsmBOCTi po3BUHeHHS QyHKIIT
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y psaa @yp’e y pasi 3MillleHHsSI CErMEHTa PO3KJIATAHHA
4.1 Po3Bunenns y psia ®yp’e ¢pynkmii, BU3HAUEHOI HA cerMeHTi [a; a + 27]

VY neskux BUIAJKaX BUHUKAE HEOOXITHICTh PO3KIACTH y psax Dyp’e QyHKIIIO
f(X), sxa BU3HAYCHA HE HA CUMETPUYHOMY BIJIHOCHO IOYATKy KOOpPJIWHAT CErMEHTI
[-; 7], a Ha Oymb-sAKOMY IHIIOMY CETMEHTI [a; & + 27| Ti€l K JOBKHUHHU.

[TokaxkeMo, 110 TaKWii 3CYyB CETMEHTa PO3KIaTaHHS

1) 3QJIMIIIAE OpTOHOpMOBaHOIO cucremy GyHKIH (21)

1 1 1 .
——COSX; —SINn X; ——=C€0S2X; —SIn 2X;...;—=C0SnX; —Ssin nX....:

x/2_n\/_ J_ J_ ' Tm e r

2) He 3MIHIOE 3HAYEHHs 1HTErpajiB, yepe3 sSKI BUPAKEHI KOEQILIEHTH PALY
dyp’e.

Teopema. fAxmo ¢ynkuis f(X) € T-nepionuuHor0 QyHKIIE, TO SKUMUA O HE
OyJIM yucha a Ta ¢, CIPaBeJIMBOIO € PIBHICTh

a+T a+c+T
j o()dx=" [o(x)dx (29)
a+cC
JloBegeHHS
a+T+c

Posrnsinemo iHTerpan j o(x)dx.

a+T
a+T+cC X=T +1; X t a+c a+c
I(p(x)dx: a+T+c | a+c | |= [ofT +dt= [o(dt
a+T dx = dt a+T a a a

ockuteku Q(T +t) = @(t) sx T-nepiogmuna QyHKITis.
OTxe, SKIIO NEPEerno3HAYUTH 3MIHHY 1HTEIPYBaHHS B OCTaHHBOMY IHTErpaii,

TO JICTAHEMO:

a+T+cC a+c
[o(x)dx= j o(x)dx. (30)
a+T
a+T

Jlami po3ristHEMO iHTerpat I o(x)dx.
a
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a+T a+c a+c+T a+T a+c a+c+T a+c+T
I@(x)dx_ I(p(X)dX+ jcp(x)dx+ j(p(x)dx_ j(p(x)dx+ I(p(X)dX— J‘(p(x)dx.
a+c a+c+T a+c a+T

BanOBonqH pesyabtar (30), orpuMaemo

a+T a+c a+c+T a+c
j o(x)dx = j o()dx+  [o(x)dx— j o(x)dx,
a+c
3BIIKA MAa€EMO
a+T a+c+T

j(p(x)dx_ j(p(x)dx

a+c
Ileﬁ pe3ylibTaT O3HadYae, 10 3CYB CCTMCHTA pPO3KJIAAdaHHSA HC BILUIMBA€ Ha

3HAYEHHS 1HTErpaJia Bij MEepIOAMYHOI HA IIbOMY CErMEHTI (DyHKIIII.
Tomy opToHOpMOBaHa Ha cerMeHTi [-m;, 7| cucrema ¢yHkmin (21)
3aJIMIIIAE€THLCS OPTOHOPMOBAHOIO 1 Ha CErMeHTi [a; a + 2m).

JiticHo,
1a+21t a+2m
= Idx=1; Isin mxcosnxdx = 0;
T a a
a+2mn a+2mn
— Icosz nxdx=1, Icosmxcosnxdx =0(m=n),
T a a
a+2m a+2mn
- jsinznxdx:l; Isin mxsin nxdx= 0 (m = n).
a a

3rigHo 3 ymoBor ¢yHkiis f(X) € 2n-nepioauunoro, Toai i Gynkiii f(X)cosnx,
f(X)sinnx takox € 2w-niepioguuHuMu GyHKIisME. OTKe, 1715 KoedimienTiB Pyp’e MmaeMo
a+2n

I f(x)cosnxdx—— I f (x)cosnxdx=a,,

-7
a+2mn T

j f (x)sin nxdx = 1 j f (x)sin nxdx=bh, ,

a n —T
TOOTO TpH 3CYBI CerMeHTa po3kiafgaHHd y psaa Pyp’e 2m-nepioanyHoi GYyHKII 3HA-
YeHHs KOe]iIieHTiB psaxy Pyp’e HEe 3MIHIOIOTHCS, TIPH IIBOMY € CIIpaBeyInB1 (hopMyn
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a+2m

ag =+ j f(x)dx,
T a

a+?n
ap :1 f (x) cosnxdx, (31)
T3
a+?n
b, :% f (x)sin nxdx,

nen=1;2;3;....
4.2 Po3BunenHs y psag ®@yp’e pynkuii, Bu3HAUeHOI HA cerMeHTi [a; D]

Hexaii ¢pynkmis f(X) Ha cermentTi [a; @ + 2] 3a10BOJIbHSIE YMOBH PO3BUHEHHS Y
psan ®Dyp’e. Po3rmisHeMO MOXKIHUBICTH po3BUHEHHS Yy psag Dyp’e dynkmii (),
BH3HAYCHOI Ha CerMeHTi [@; a + 2{] moBxuHOIO 2.

Jlnst Toro, mo6 MoxHa O0yJio KOpHCTyBaTHCS (GOpMyJaMu Uil pO3KIAaIaHHS Y
psag @yp’e GyHKIIII, BU3HAYECHOT HA CErMEHTI [-7; 7], BBeIeMO AOMOMIXKHY 3MiHHY t
TaKky, 110 X=K. VY takomy pasi, gkmo a < X < a + 2, to aSKSa+2f, 3BIJIKH

T T

n—agté%?+2n.

: : : t/ .
Bracnigok Takoi 3amiHu (QYHKITIS f(—j, TOOTO (PYHKIIIS BiJ apryMeHty t
T

. | Ta ma .
BU3HAUYE€HA HA CErMEHTI 7;7+2n noBxkuHOKO 27. Taky (GyHKIIIO MOXHa

po3knanat y psag Oyp’e sk pyHKI1I0 apryMeHTy t:
) ay :
f[—j~—°+2an cosnt + b, sinnt. (32)
n n=1
[Ipu upomy
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a, =— I f(ﬁJcosntdt; (33)

T
an

1

ar
—+2n

Y4
b= | f(ﬁjsinntdt,
TC 7T

ar

l
nen=1;2;3;....
CKOpHCTaEMOCH MOXJIMBICTIO 3pOOUTH 3CYB CETMEHTA PO3KIafaHHs 0e3 3MIHU

o . am _an .
Horo AOBXHHH, a CaMC, 3aM1ICTh CCIMCHTA |:7,7 + 27'C:| BI3bMCMO CCTMCHT [—TE;TE].

SIx OyJi0 mOKa3aHO paHille, 3CYyB CErMEHTa 1HTErpyBaHHS HE BIUIMBAE€ Ha 3HAYCHHS
koe(irieHTiB Oyp’e.

Maemo:
17 (o
ag :—j f(— dt;
I T
—T
T
a :i‘[ f(ﬁ cosntdt; (34)
7T 7T
—T
T
by = | f(ﬁ)sin tdt,
T 7T
—T
nen=1;2;3;....
[ToBepHEMOCH /10 3MIHHOI X.
a > n N
f(x)~70+2an cos%x+bnsm%x;
n=1
TEX_ t X
T t=—; L
a=" | f(ﬁjdtz S I P B Y RO
oo T T, 14
-1 dt=—dx; —/
/¢ -t | -l
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—t X t | x '
o =—,
:Ej f( )cosntdt— ¢ T | :EJ. f(x)cos@dx;
T gt = T dx 14 1
Ty Xl | ¢ -
(™. | U] X ¢
T =
:EJ‘ f( jsm ntdt = t T | ¢ =1I f(x)cos%dx,
o dt = = dx 1 14
R “lg| ¢ -
nen=1;2;3;....
OcTaTo4yHO MaEMO
f(x)~ 2+ 3 a, cos™™ + by, sin "™ (35)
2 “~ ¢ 2
/
1 .
=, Lf(x)dx,
ja —lf f(x)cosn—nXdX' (36)
"y ¢

—f
1 ; X
by, = J;f(x)sm7dx,

nen=1;2;3;....

30KkpeMa, JTOCUTh YacTO PO3MIISIIa0Th (YHKINI, SKI 3aJ0BOJBHSIOTH YMOBH
po3BuHeHHS QyHKIIT y psag Dyp’e Ha cermenti [—£; €] noBxuHOW0 2{. OCKUIBKH
TaKUi CETMEHT € YaCTUHHUM BHUIIQJIKOM CerMeHTa [a; a + 2{], koiau a = —, TO psSaoM
Qyp’e nmns Takux QyHKUuid € pan (35), a koediuientn Dyp’e 3HAXOAATHCA 32

dbopmyitamu (36). SIkiio BpaxoByBaTH, IO %: ®, T0 popmyiu (35) Ta (36) HaOyBae
TaKUM BUTJISI:

a, & :
f(x)~ ?O + " a, cosnmx + b, sin nwx; (37)
n=1
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1 b4
a, :z:[ff(x)dx;

X
== I f (x) cosnoxdx; (38)

—/

b, :% j f (x)sin noxdx,

ne n=12;3;....
Hpuxaaau 10 nyHkry 4

Ipukaan 6. Poskmactu y psan @yp'e 2n-niepiognyany QyHKITiTO

T T

4 g0 — — < X< —;

£(x) = 2 §
6, SIKIIIO ESXS—TE.

’ 2 2

Pos3B'ss3aHH4

3naxoaumo koedirientu psay Pyp'e (22) 3a popmymnamu (31).

3n 3n

1] 2 2 N 2
=— '[4dx+J.6dx =—| 4x| + 6X =
T Y T T n
2 2 2 2
T T 1
St5 ———||=—(4n +6m) =10;
2 2 o
1| 4 2 6 7
a, = j4cosnoaxdx+jﬁcosnoaxdx =—| —sinneX| +—sinnoX
- | T NW _% nw %
2 2

) T o )
OCKIIBKH ® = Z , TOOTO ®=— =1, TO JaJli MAEMO
T

1(4( . nt . nt) 6 3nw nmw
an:— —| SIN— 4+ SIN — sin— —sin— | |=
n(n( 2 2) n( 2 ZD
3nm

1 8S|nn—+63|n3n—n—smn—Tc = 1 7S|nn—+65|n—
o 2 2 2 7N 2 2
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2 7 A oz 7
by, =— j4sin nNoxdx + stin noxdx |=— 4Jsm nxdx+ 6 I sinnxdx | =
n T 1Y n 1Y T
T2 2 T2 2
z 3n
1 2 2
=——1 4cosnX + 6cosnx |=
mn 7 b
-z .
1 nm nm 3nn nm
=——1| 4] C0OS— —C0S— |+ 6] COS—— —CO0S— | | =
7N 2 2 2 2
6 ( 3nn nn)
=——| COS—— —CO0S— |.
7N 2 2

O1xe, MacMo

f(X)~5+ Z[i(kin T | 6sin 3n—ﬂjcosnx + i(cosE - cos?’n—n)sin nxj.
—\nn 2 2 2 2

nm

BigmoBins: f(x)~5+Z(i(7sinﬂ+6sin3n—njcosnx+
=\ nn 2 2

6 ( nm Bnn) )
+ —| cos— —cos—— |[sinnx |.
nr 2 2

Hpukaax 7. Poskmactu y psian Dyp'e ¢yHKUIIO ABOMIBIEPIOJAYHOTO
BUIPSMJIIEHOTO CUHYCOiTHOTO CTPYMY

Asin ot, axmo 0< t<£;

i(t) = .
— Asin ot, HKIJ_IOE<t<—TE
[0 )

Po3B's3aHHs
: : 21
3agana QyHkuis Bu3HaueHa Ha cermeHTi [0; —]. JloBKMHA cermeHTa
®

262@—0—@ 3BIIKHU E—E
o) 0

e

3naxoaumMo koedimientn paay Pyp'e (22) 3a hopmynamu (38)

N

21

£T
0]

ela
el

ao:QJ‘Asinwtdt—QJ‘Asinmtdt:& —lcoscot +£coscot
T T T ® 0 O

o

ela
el
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2 (~cosm+1+c0s2n—cosn)= 2A (1-cosm)=—
7T

@ Asin otcosnotdt =
7T

'[Asin otcosnmtdt —
0

ela——s ";,\)

n

(sin(1+ n)mt +sin(1— n)wt)dt ——j(3|n(1+ n)ot +sin(l—n)wt)dt =

(D

o T

__ 1 cos(l—n)ot

o (-no
n 2n

m+ ! COS(l—n)u)tm
@l-now

+

o)
[ @+ o cos( + n)wt

0

N

(1+ Mo cos(L+ n)owt

T E
) @)

cos(l—n)m+

Aco( 1
= — cos@L+n)w+ — +
2n (L+n)ow l+nNo @-now @-now

1 1 1 :
+ o - T n)(Dcos(l+ n)m+ o — . n)Oocos.(l— n)nJ ;

Al 2 2 2 2 _
a, :%((“ ) + n — n) cos(L+n)m— n cos(l— n)n),

A 2 1 1
a, =;[(1_ "7 — ) cos@L+ n)m— ) cos(l— n)nj.

Buxoauts, 1m0

0, akmon=2k +1, keZ;
% = LZ,HKHIOH=2k,k€Z,
n(l—n°)

TOOTO

a, =0; azz_%;a?,:o; a4:_14_’6\;6‘5:O;as :_ﬂ

oy 3

b, = A jsin wtsin notdt +
0

sin ot sin notdt

—

o
o)
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ey

27[ —_—
0

el

T T

= Ao sin(1—n)wt " sin(1+ n)mt "’ +
2n | (1-n)o 0 0
2n 2n
1 . © 1 . ®
+ sinl—n)ot| - sin(1+ n)wt =0.
OT1xe, MaeEMO
I(t) = 2A —4—Ac052mt —ﬁcos4cot —ﬁcos&nt -
T 3 157 357
abo
i(t) = lalp —ECOSZ(Dt —icos4cot —iCOSGCOt —
3t\2 3 15 35
. ) 27 i .
3AYBAXKEHHSA. VYV mnpoueci OOCHIIKEHHS —— -MIEPIOJUYHHAX CHHYCOITAIBHUX
0)

3MIHHMX CTPYMIB Ta HENEPIOJAUYHUX HECHHYCOINaJbHUX CTPYMIB BUKOPUCTOBYIOTHCS PN
dyp'e.

BinmoBiasb: i(t):ﬁ(l—lcoszm—icos4mt—i0056mt—...).
3n\2 3 15 35

Hpukaang 8. Posknactu y psg ®Pyp'e nepioguuHy (PyHKIIIO HAa CETMEHTI
[-4; 4], nepiox saxoi T = 8.
1, axmo —4<x<0;
f(x)=
2X+1, axkmo 0< x < 4.
Po3B's3aHHs
OyHKITI0 33]]aH0 HA CUMETpUYHOMY NpoMikKy [—4; 4]. [Tobymyemo nmmst miei
¢byskuii psn @yp'e (37), xoedimientn psny Dyp’e 3Haitnemo 3a Gopmymnamu (38),

[IPU LILOMY £:4,m:%.

0 4

1% 1% 1
aozzjdx+zj(2x+l)dx=zx
-4 0

1 2
+—(2x+1
16( )

1
=1+—(81-1)=6;
1681

-4 0
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10 14 U=2x+1 dU = 2dx
an:Zfcosnmdx+ZI(2x+1)cosnooxdx: dV = coshoxdx: V:isin nex | =
_4 0 nw
4 4 0
1 1 . 1(2x+1. 2 ¢ . 1 . nmx
==.—sinnox| += sinnox| —— |sinnoxdx |=—sin—— +
4 no 4 4\ no o Ny nw 4
1(42x+) . nox|* 2:4 4 nnx°
+= sin + .—CO0S—| |=
4 nm 4 ‘0 nT nm 4 |,
1 ) )
=—(9sinnt—sin0)+ cosnmt—1) = cosnmt-1);
— )+ )= )
1% 14
b, == jsin nmxdx+—j(2x +1)sin Noxdx =
4-4 40
U=2x+1 dU = 2dx
~ | dV =sin noxdx: V=L cosnox|™
nNw
1 0 1( 2% +1 Yo 1
=———CoShwX| +—|-— cosnmx| + — | cosnwoxdx |=
4nm 4 nw o Noy
0 4 4
1  nmx 1 4@2x+1) nnx[" 2-4-4 _ nnx|
=——C0S——  — coS + sin =
nm 4|, 4 nm 4 ‘o nm N 4 ‘0

= _i(l—cosnn)—icosnn+i+ >— (Sinnm—sin0) =

nm nm nT nN°w

= i(—1+ cosnmt—9cosnn +1) = i(—8cosnn) = —icosnn :
nn nm nm

Tom maemo

f(x) :3+82( 21 5 (cosnn—l)cosnoax—icosnn-sin ncoxj.
\N"T nr

BinmoBinan: f(x):3+82( 212(cosnn—l)cosn(ox—icosnn-sinnmx).
n=1\N"T7 nm

5 Oco0smmBocTi po3BuHeHHs y psig Dyp’e mapHUX Ta HeNApHUX PpyHKUiN

5.1 Po3BuHeHHs1 y psia @yp’e napHoi pyHKuii
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Hexait ¢pynkmist f(X) Ha cermeHTi [-7; 7] 3a0BOJIbHSIE YMOBH PO3BUHCHHS y
psan @yp’e ta € mapHoro pyHkiieto, Tooto f(X) = f(—X), ne X, — X e[-m;m].

Tomi:
I T
1) ag =+ f(x)dx:gjf(x)dx;
TC ¢ T
- 0
17 27
2) a, =— f(x)cosnxdx:—j f (x) cosnx dx;
Tt—.rc T 0

T
3) b, =1 [/ Gsinnxdx =0
7T
—T

ne N =1; 2; 3; ..., 3TAHO 3 BJIACTUBOCTSIMU IHTETPaIiB 3 CUMETPUUYHUMH MEKAMHU
IHTErpyBaHHS BiJ] MAPHUX Ta HEMAPHUX (PYHKITIH.

Takum umbom, skmo f(X) — mapHa ¢yHKIiS, TO BOHAa PO3KIATAETHCA Y
TpUroHomeTpuuHuii psing Oyp’e

f(x) ~ %0 + > a, cosnx (39)
n=1

Ha CerMeHTI [—7; 7], a KoedillieHTH [IbOTO PSIY BU3HAYAIOTHCS (GOopMyIaMu

2 T
a =" j f(x)dx:
—T

T
a, = EI f (x) cosnxdx; (40)
™o

b =0,
nen=1;2;3;....
3okpema, skmio mapHa ¢yskiis f(X) 3a10BoNbHSE YMOBH PO3BUHEHHS Y P

®dyp’e Ha cerMeHTi [—C; €], TO i psan Dyp’e Mae BUTIISIA
A n7X
fONI2+) a, cos—-, 41
0915+ 2 a0 c0s— (41)

a Koe(IlI€eHTH BU3HAYAIOTHCS POpMyIaMu
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2f
a =" j f(x)dx:
0

T
2 N7mX
a, =— | f(x)cos——dx; 42
] 4 (%) ; (42)
b, =0,
nen=1;2;3;...,
abo
f(x)~ %, > a, cosnox, (43)
n=1
5!
a, :ij(x)dx;
0
1TC
a, :Z.[f(x)cosncoxdx; (44)
0
b, =0,
nen=1;2;3;....

5.2 Po3BuHeHHs y psag Pyp’e HenapHoI QyHKIl

Hexai#i ¢ynkmist f(X) Ha cermeHTi [-7T; ©] 3a10BOJIbHSIE YMOBH PO3BUHCHHS Y

psan @yp’e Ta € HenapHow QyHKIi€E, TooTo f(—X) = —f(X), e x;, — x e[-m; ]

Toni
1%
1) ag =— | f(x)dx=0;
TC ¢
—T
1%
2) a, =— | f(x)cosnxdx=0;

-7

17 2%
3) b, =— If(x)sin nxdx:—If(x)sin nxdx,
T T

—TT

0

ne n=1; 2; 3; ..., 3TJIHO 3 BJIACTUBOCTSAMH IHTETPATIB 3 CUMETPUUHUMHU MEKaMU

IHTErpyBaHHS BiJ] MAPHUX Ta HETTAPHUX (PYHKITIH.

Takum umHOM, sikmo f(X) — HemapHa (yHKIS, TO BOHAa PO3KIANAETHCA Y

TpUroHomeTpuuHuii psig Oyp’e
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f(x) ~ > b, sinnx (45)
n=1

Ha CerMEHTI [—T; m], a KoedillieHTH IILOTO PSTy BUSHAYAIOTHCS (DOPMYIIaMHU:

a, =0;
a,=0;

(46)

b, = EI f (x)sin nxdx,
TEO

nen=1;2;3;....
3okpema, sikio HenapHa QyHKIis f(X) 3a10BoONBHSIE YMOBU PO3BUHEHHS Y PsijI
@yp’e Ha cerMmeHTi [—C; €], To ii pan Pyp’e Mae BUTIIAL

— . nnx
f(x)~ Z:lbn sin—"=, (47)
a loro koeQiI€HTH BU3HAYAIOTHCA (POpMYITIaMH:
ap = 0;
ay =0;
(48)
2 ( . NmX
b, =— | sin——dx,
nen=1;2;3;..., go f
abo
f(x) ~ > b, sinnox, (49)
n=1
a, =0; (50)
2 ¢
b,=— Ism NoXxdx,
£,
nen=1;2;3;....

IMpuxkaagu 10 MyHKTY 5

Mpukaax 9. Posknactu y psag @yp'e dynkuito f(X)=xsSinx y inTepBam

(—m; ).
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Po3B'ss3aHH4

3anana ¢pyHKIIA € TapHOI0, ToMy KoedilieHTu psany Pyp'e (39) 3Haxoaumo 3a

dbopmyamu (40).
27 . U=x; dU =dx
a, :—fxsm Xdx = _ =

Ty dV =sinxdx; V =-cosx

:E[ — XCOSX| + jcosxdx]:E(—ncosTc + sinx j:g-nzz;
71' 0 0 T 0 T

2% 2 |

a, = —jxsin xcosnxdx = —jx(sin(x + nx) + sin(x — nx))dx =
ny 2750

T

T
= 1J.xsin(1+ n)xdx+1J‘xsin(1— n)xdx =
T T

0 0
i U=x; dU =dx
~| dV =sin(l+n)xdx; V :—icos(l+ n)x
L 1+n
U=x; dU =dx
: 1 =
dV =sin(l—n)xdx; V =—ﬁcos(1— n)x
1 —Lcos(l+n)x +i cos+ n)xdx |+
n| 1+n o l+ng
TC Y
+E —Lcos(l—n)x +ij.cos(l—n)xdx =
n| 1-n 0 1—n0
T
T .
=—| ———cosd+n)n+ sin(l+n)x| —
13 pC0stsn) L+ n)? (+m 0

T
—mcos(l— n)m + )

5 sin(1—n)x

0

"1
J: —(—icos(1+ n)m —
n\ 1+n

1 1
—Lcos(l— n)mt=——-cosfl—n)r———cosfL+ n)rx.
1-n n-1 n+1

Ockinbku QyHKINS Y = XSiN X € mapHoto GyHKIiew, To b, =0.

Toxi ockibky BUKOHYETHCSI yMoOBa Jlipixiie, To
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. =1 1
Xsinx =1+ ———cos(l—n)t———cosl+n)x
nzz‘i(n—l t=n n+1 ¢ )j
a0o0

o0 (_1)n+1

: 1
Xsin X :1—Ecosx+ 2 cosnx s X € (—; m)

2
n=2 N -1

o0 (_1) n+1

. . . 1
BigmoBings: xsmx:l—Ecosx+2 cosnx, Xe(—m; n).

2
n=p N -1

Hpuxnan 10. Posknactu y pag Pyp'e pyukmiro f(X)=XC0SX B inTepBaii

53

Po3B'ss3aHH4
3amana (QyHKI[S € HeMapHOW (PyHKINE, ToMy KoedimieHTa psaay Dyp'e (49)
3Haxo Mo 3a Gopmyiamu (50).

Otxe, 3rigno 3 popmynamu (50), a, =0, a, =0. Jlng 3ananoi pyukuii 2/ =m:

(= O)=%,TO6TO(0:2.

TE-
21

XCOSXSIN NnoxdX = XCOSXSin 2nxdx =

O
>
Il
ald
NE O e
ald
O ey A

%
=3jxsin(2n +1)xdx+3jxsin(2n ~D)xdx =
™o ™o
i U=x; dU =dx
~|dV =sin(2n +)xdx; V :_2n1 1cos(2n +1)X
i U=x; dU = dx
dV =sin(2n-1)xdx; V == 1 cos(2n—-1)x N
L n-
2 X 2 1 2
=—|— cos@n+1)x| + Icos(Zn +1)xdx —
n| 2n+1 0 +1
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5 ;
jcos(Zn —xdx |=

+

cos(2n —1)x
2n-1 ( )

0

NS

%sin(Zn +1)x
(2n+1)

2
T

—Lcos(Zn +1)g +

2(2n +1) 0

N3

cos@n—DE+— L sin(zn—1=
2 (2n-1)2 2

_ T
2(2n 1) .

2 T 2n+rn 1 . (2n+D)=
=— - CoS + SIn —
nl 2(2n+1) 2 (2n +1)? 2
T 2n-D= 1 . (2n-Dn
— COoS + Sin =
2(2n-1) 2 (2n-1)? 2

2( 1 . @n+Dn 1 (2n—1)7tj
=— Sin + SN .
nl (2n +1)* 2 (2n-1)* 2

OT1xe, 3a HOpMOIO Jlipixjie, MaeMo

xcosx:gZ( 1 p@nthm 1 g @n—Dm

<= (2n+1)? 2 (2n-1)? 2

n=1
abo

ne xe| -~
2'2)

0 _n\h+l _n\h+1
xcosx:gz — D 5+ D 5 sin 2nx,
t.o0 (2n+1)°  (2n-])

16 < (-1)"*n

. T T
XCOSX=— » —————sin2nx, Xe|——;—|.

n = (4n% —1)?

16 < (-)"n
n & (4n% —1)?

T T
12'

BiganoBiab: XCOSX=— » ——~——sin2nXx, Xe(—i —

Jsin 2nx
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6 OcobsiuBOCTI po3BuHeHHs Yy psajg Pyp’e pyHKIil,

BH3HA4YeHOI Ha cerMmeHTi [0; 7]

Hexait ¢ynkmis f(X) Ha cermenti [0; 7] 3a10BOJIbHSE€ yYMOBH pPO3BHHEHHS
byskuii y psag Oyp’e.
Ockinbku  ¢yskimis f(X) Busnauena Ha cermenti [0; w], TO T MOXHa

I0BH3HAYMTH Ha cerMeHTi [—7t; 0] y To#t um iHmmi crociO.
6.1 Po3BuHenHs1 pyHkuii y psig @yp’e no KkocuHycax

BrpoBaaumo 1omnoMi>kHy (QyHKIIIFO
f*(x):{f(x),OSXSn;
f(x),-nt<x<0.

®ynxuis f “(X) € maproro ¢yHkuicro, ika BU3HaYeHa Ha cermenTi [, nt]. Taka
byHKI1is MOke OyTH po3BuHEHa y psan Dyp’e (39), koedimieHTH SKOTO BU3HAYAIOTHCS
dopmynamu (40). Ha cermenri [0; nt] psag @yp’e, mobynosanuii mis Gpynkuii f “(x), e
BoJiHOYAC 1 psiioM Dyp’e, mobyaoBanuM i GyHKIT f(X).

3okpema, skmo ¢yakmis f(x) 3amanma Ha cermenti [0; €], To il MoOXHa
JOBU3HAYHUTH J0 MapHOi QyHKii f Z(X) , TaK 110

(%) :{f (x),0<x< 4,
f(x),—¢<x<0.

Toni panom @yp’e mid miei pyHkuii Ha cermenTi [—€; ] € pan (41), a oro
KOe(iI[iEHTH BU3HAYAIOTHCS Gopmynamu (42).

Lleit camwuii psig Ha cermenti [0; €] € psimom yHKIii f(X).

6.2 Po3BuHenHs @pyHkuii y psig @yp’e o cunycax

BnpoBagumo nonomMixkHy QpyHKIIIT
f*(x):{ f(x), 0<x<m;
— f(x),-t<x<0.
®ynkuis f (X) ¢ HemapHON (yHKILi€O, SKa BM3HAYE€HA HAa CEIMEHTI [T m].
Taka ¢yskiis moxke Oytu po3BuHeHa y psag Dyp’e (45), xoedimieHTH SKOTO
BU3HAYalOThCs hopmynamu (46).
Ha cermenti [0; nt] psag ®yp’e, mobymosanuii aus Gynkuii f (X), € BogHouac i
psanom Dyp’e, modynoBanum uist yHkiii f(x).
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3okpema, skmo ¢yakmis f(X) 3agana Ha cermenti [0; £], To T MOXKHA
JOBU3HAYUTH 10 HemapHoi yHKIii f Z(X) TaK, 110
f;(x):{ :(x), 0< X</,
- f(x),-/<x<0.
Toni psaom dyp’e s miel pyHkiii Ha cermeHTi [—C; €] € psag (47), a fioro
KOoeiIlieHTH BU3HAYAIOThCS Gopmynamu (48).
Lleit camumii psig Ha cermenti [O; €] € pagom dynkii f(X).

Ipuxaaam 10 NyHKTy 6

Mpukaax 11. Po3kmactu y psan Pyp’e mo kocuHycax B iHTepBaii (0; )
GbyHKIIIIO

T T
—=X, O<x<—;
=12
0, —<X<T.
2

Po3B’a3aHHa

Ockinbku (GyHKIS Bu3HaueHa B iHTepBami (0; m), TO, PO3KIANAIOUU IO
¢yHkuio y psaag Oyp’e mo KocHMHycax, MU MAaeMO pO3KJanaT ii B psg Dyp’e sk
napHy QyHKIiO B iHTEepBai (—7; 7t), ToOTO 3a popmyiaamu (39) Ta (40):

2% - U=—-x dU = —-dx
®q=-—j(—~—xjcosnxdx: 2 . _
mo\2 dV = cosnxdx: V:Esinnx

21 1 )
=—-—(E—xjmnnx
tl n\ 2
_2 }(0—-0)—~Eécosnx
Tl N n

s

s

2 1%,

+—Imnnmﬂ =
n

0 0

2 2 nmw
= ) cos——1|
0 n 2

OTxe, Tak SIK BUKOHYIOThCSI yMOBH Jlipixie, TO
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o0

f(x)= g - EZ 12 (cos— —1jcosnx

nn 1n

7T
xel0;— |

T 2«1 nr
BinnmoBigp: f(X)==—-= cos— —1 [cosnx,
anomize: 109=5 -2 5{cos 1]

7tn 1n
7T
ne Xxe| 0;— |
( 2]

Hpuxaan 12. Posknactu y psag @yp’e no cunycax B iHTepsadi (0; ©) pyHKIIiO

. 7T
sin X, 0<X<E;

f(x)=

0, ESX<7c.
2

Po3B’aA3aHHa

Ockinbku GyHKIS Bu3HaueHa B iHTepBadi (0; 7m), TO, PO3KIANAIOUU IO
¢byukuio y psa @yp’e 3a cuHycaMu, MU MaeMO pPO3Kanatd ii y pan dyp’e sk
HernapHy QYHKINIO B iHTEpBati (—7; ), TOOTO 3a popmynamu (45) Ta (46).

Tomi ap =0, a, =0.

3HaxoaumMo bp:

T

bn:g sinxsinnxdx:l (cosL—n)x —cos@+ n)x)dx =
T

a
O A

2 2
—l-isin(1+ n)x
0

sin (1-n)n 1 sin L+n)x _
n(l—n) 2 n(l+n) 2

1( 1 1 j nt 1 2n nr
= COS— = .
2 mwl-n? 2

n\l-n 1+n
OTxe, Tak SIK BUKOHY€eTbcs ymMoBa Jlipixie, To
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o0

2 n nw .
f(x)=— Cc0S—sin nx,
n;l_nz 2
ne x e (0; 7).
BignoBian: f(x):gz nzcos@sinnx,
Thml-n
ne x e (0; ).

Mpuxaan 13. Posknactu ¢yskimito f(X) = e p iaTepBai (0; m) y psg Oyp’e
10 KOCHHYCaX.

Po3B’a3aHHAa

3anany ¢yHKIi0 Oymemo poskinamatv y psg Dyp’e y iHTepBam (—m; m) 5K
napHy ¢yHkiio 3a opmymnamu (39) Ta (40), maroun Ha yBasi, 0 OTPUMAHUUN Psif
®dyp’e Oyne 30iraTucs 3 3aJ1aHOr0 PYHKITiEO uiie y inTepsaii (0; ).

o2

T

ag :Ejekxdx:iekx == (e -1);
43 nk |y 7K
T s s
a, _2 ekxcosnxdx=gjekxl(e'”x +e_'”x)dx=1j(e(k+'”)x +ekmimXygy
T T 2 T
0 0 0
T
_I L i1 e
m\K+in k—in 0
1 1_ plkrin)m _ 1_ N 1_ plkimz _ 1_ J:
m\Kk+in k+in k-in k—in
zl(_k_”;—i_k;'m_l_ 1 ekneinn+ 1 ekne—innj:
T K +n K+in k—in
1 2k o keinn _ineinn +ke—inn +ineinn
= — 2 2 +€e 2 2 =
. k°+n K®+n
1 kr . - ..
=————| — 2k +e“"(k(cosnm +isin nr + cosnz —isin nx)
(K +n)m

2k 24" (-1)"k
2 2 + 2 2\
n(k?+n?)  n(k?+n?)

—incosnz + nsinnwt+ incosnz + nsin nn)j =—

_ 2k(e ()" 1)
 ak®+n?)
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b, =0.
B inTepBaini (0; ) BukoHyroThest ymoBH Jlipixie. Tomi
o871 2k (-6 1)
Tk ] k2 +n?

€ cosnx,

ae x e (0; n).

o851 2k (et )

BignoBinane: e*= 5 COsSnX, ne X e (0; n).
ik TS kS+n

Hpuxnan 14. Posknactu dynkmio f (X) =e* B intepsani (0; 1) y psix Pyp’e
0 CUHYCaX.

Po3B’si3aHHA

3anany ¢yHkiito Oynemo poskianatu y pan dyp’e y iHTepBadi (—m; T) SK
HenapHy (QyHKIIiIo 3a hopmynamu (45), (46).

Toni ap =0, a, = 0.

3Haxo1uMo Dp:

2 27 i 1 i : 15 ks i
b, :—Iekxsin nxdx:—J‘ekX—_(e'”X _e—lnx)dxz__J'(e(an)x _e(k—ln)x)dX:
71'0 T 21 7Tl
_A(L eimx 1 i ||
i\ k+1In K —in 0
:i( 1 (e(k+in)n _])_#(e(k—in)n _1)j:
i\ K +1n k—in
_ 1 =k+in+k+in o (k=ine™ —(k+in)e ™ |
i k% +n? e k% +n? -
_i 2in +ekn keinn_- inm — ke~ inm ineinn B
mi| k? +n? k? +n?
L[_2n + e k(cosnm + isin nt — cosnr + isin nm)
=— T T— T TT) —
mi| k? +n® k?+n?

—in(cosnm +isin N+ +cosnm —isin nn)D =

2n

m(k? +n?)

:;2(2m+ek“( 2in(-1) )) L-(-)"e").

(k% +n?)
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Taxum unnoM, B iHTepBaii (0; ) BUkoHyr0ThCs yMoBH Jlipixie. Tomi
2&n(1- (et )

ekx _ _Z &)

sin nx
2 2 :
T k“+n

ne X € (0; w).

2 n(1—(~=)"ekm
Bi,Z[HOBiI[BZekXZ—Z ( 2( )2 )
T, k“+n

sinnx, e x (0; ).

Mpuxaan 15. Posknactu dyukuio f (X) =e* B inreppai (0; ©) y psg Pyp’e.
Po3B’da3aHHA

Buxonsun 3 toro, mo ¢ynkmis f(X) Busnauena B intepBaini (0; m), Oymaemo
kopuctyBatucs popmynamu (35) Ta (36).

Y ubomy Bunaaky 2/ =m, (= g

3Haxoaumo koeditieHTH pany Oyp’e:
2 1 2
a, = —Iekxdx == ek

T ntk
0

L2
o TK

(e -1y

a, :gj‘ekx CosandXZEJ‘ekx}(eiznx + e—iZnX)dlej'(e(kﬂin)x + e(k—2in)X)dX:

Ty T 2 my

i1 _plkrzinyx 1 _ glk-2inx "
m\ K+ 2in k—2in 0

_ 1( 1 ARG LI 1 _(elk-2r _1)j _
n\ K +2in k —2in

1 _k—2i2n+k—;2in+ekn( L g, 1 e—Z‘”n) _
T k®+4n k + 2in k —2in
1 2k o keZinn _ 2ine2inn + ke—Zinn + 2ine—2inn

i Ry I 3 E
n\ Kk +4n ke +4n

B l ~ 2k . ekn k(eZinn n e—2in1'c) . 2in(e2inn . e—2inn) -
m| k2 +4n? k? + 4n?

= %(— 2k + €™ (k (cos2nm + isin 2nx + cos2nz — isin 2nm)) -
n(k® +4n°)

— 2in(cos2nz + isin 2nT — cos2nm +isin Znn)] =
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T

=~ (—2k+e""2k) =
n(k? +4n2)( )

47

2k (e*" —1)
n(k? +4n?)’

< ) 2% 1 . .
b, == |e**sin 2nxdx:—J.ekX—_(e'2“X — e 2™)dx =
n Ty 21

T

l Le(kﬂin)X_ 1 o (k-2in)x
m\ K+ 2in K —2in

0

i 1 (k+2in)x 1 (k-2in)m j
L etems gy L glkeans gy
T k+2in( ) k—2in( )

k+2in—k+2in _(k—2ine® 27— (k + 2in)e® W7 |
T k? +4n? k? +4n?

4in N ekm
m\ k% +4n® k% +4n?

(k (eZiHTE _ e—2in7‘t) _ 2in(e2inTE + e—2inﬂ?))J —
= —%(Mn + k(cos2nm + isin 2nwt — cos2nm + isin 2nmw) —
n(k“ +4n°)

— 2in(cos2nm +isin 2nwt + cos2nm —isin Znn)J =

i . )
=——————(4in-4in)=0.
n(k? +4n2)( )

Buxonuts, B inTepBaii (0; ), e BUKOHYIOThCS yMoBH [lipixiie,

km 0 ke
ekx_ & 1+EZMCOSZHX,

ok mAk? 4an?

e xe(0;m).

km o0 km
i ) e -1 2 k!e —1)
Binmonine: eX= +—§ cOS2nX,

kA k? +4n?

e xe(0; ).

3AYBAXEHHS. JominsHo 3p0OUTH MOPIBHSUIBHHUM aHali3 po3B’s3KIB y MPUKIIAIax
14, 15, 16.
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7 KomiuiekcHa ¢gopma psiny Pyp’e
7.1 OpTOroHa/JibHi Ta OPTOHOPMOBAaHI CHCTEMH KOMILIEKCHO3HAYHUX (PyHKIIiH

BusznauednHsa. Skmo koMmmuiekcHO3HauHI QyHKIIT @,(X) Ta ¢,(X) €

b
HEeTIepepBHUMHU Ha cermeHTi [a;b], To iHTerpan I @1 (X)9,(x) dx Ha3uBaeTHCA
a

ckansiphum 0ooymrkom ¢gyuryiii ©,(X) Ta ¢,(X) Ha cermenrti [a; b]. Ilpu mpomy

BHKOPUCTOBYETHCA ITO3HAYCHHS

b
(0100; 92.(0) = [ @1 ()0, (X) dx,

ne ¢,(X) — dyHKIis, KOMIUIEKCHO-CIIPsDKEHA 10 PYHKIIT @, (X) .

Ha xomriekcHO3HauHiI (PYHKIIT MOMIMPIOIOTHCSA YC1 BIACTUBOCTI CKaJISIPHOTO
NoOyTKy IIACHUX (YHKIIH, a TaKoXX MOHATTS HOPMU (YHKLII, OPTOrOHAIBHOI
cucteMu (PyHKIIM, OPTOHOPMOBAHOI CUCTEMHU (PYHKITIH.

Cepen KOMIUIEKCHO3HAYHUX (PYHKIIA OPTOrOHAIBHOIO CUCTEMOIO (DYHKIIIN Ha

cerMeHTi [t} 7] € cucreMa QyHKIIIH

a Ha cerMeHT1 [—{; {] OpPTOrOHAJIBHOIO € cucTeMa QyHKIIMA
inx inx  i2nx —i2mX intx  —innx
Lel,e el et el et ... (52)

3aeoannsa ona camocmiiinoi pooomu. JloBeCTH OPTOTOHAJIBHICTH CHCTEM
¢byukuii (51) Ta (52).

7.2 Po3BuHenHs: GyHkuii y psig @yp’e y komiiekcHiid ¢popmi

[To ¢ynkmisax cuctemu (51) abo (52), sk 1 Mo GyHKIISIX TPUTOHOMETPHUYHOT
cucremMu ¢yHkmiro f(X) moxna poskmamatu y psg ®Dyp’e. Tak, ¢yskmiro f(x),

BU3HAYCHY Ha CETMEHTI [T} 7], MOXKHA PO3KJIACTH Yy Psil, O PYHKIiIX cuctemu (51):

f(X)=co+cie™ +c o™ +ce!? +c e 1 ™ 4c e ™. (53)
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Koedimientn psay (53) MokHA 3HAWTH Tak, SK 3HAXOJIUIUCH KOEQIIIEHTH
TPUTOHOMETPUUYHOTO psny (22). Ane xoediieHTH psamgy (53) MoxHaA 3HANTH 1 B
1HIIMH crnociO.

Hexai

o0
a .
f(x)="2+ Zan cosnx+ by, sin nx.
2
n=1
CkopucraeMoch popmyaMu

1/ . .

cosmX = (e"“x + e'”x)

Ta
sinnx = lz(e‘i”" - e"‘x).
Toni
f (X) - % + ila (e—inX 4 einX) n lb (e—inX _einX)
n n '
2 n=1 2 2

[Ticnst cpoIIEeHHsT OTPUMAEMO TaKe:

f(x)~ a—;+§%(an —ib,)e™ +l2(an +ib,)e ™. (54)
ITo3naunmo
Co = an;
2
¢ = %(an “ib,): (455)
1 .
C_, _E(a“ +ib,).

3 ypaxyBanssm (55) maemo
f(X)~co+ > ce™+> ce™.
n=1 n=1

0 o0 —00
YV ocymi Yc ,e”™ mosmaumvo n=-k, tomi ¢ .e ™= Sce*. He
n=1 n=1 k=-1
-
3MIHIOIOUH CTPYKTYPY CYMH che'kx, MO3HAYUMO 1HJEKC CYMOBHOCTI 4epe3 N,
k=-1

_w - _w -
chelkx _ chelnx.

k=-1 n=-1

TOOTO

VY Takomy pasi
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®© - —® .
f(x)=cq+ che'”x + che'”x
n=1 n=-1
abo
. © . —® .
() =coe'™+ > cpe™+ D cpe'™.
n=1 n=-1
OcTtaTo4yHo MaeMo
+0o0 i
f(x)= che'”x , (56)

N=-—o0
_1 ; _i r i _in —inx
ne C, _E(a” —ib,) = 27'c_J. f (x)(cosnx —isin x) dx = 2TE_J‘f(x)e dx,
TOOTO
c, = j f(x)e ™dx, (57)

Psn (56) HasuBaetbes psgom Dyp’e y komruiekcHid dopmi anst ¢pyskmii f(x),
IO 33JJ0BOJILHSIE YMOBaM po3BHHEHHs (QYHKIIT y psg Dyp’e Ha cermeHti [-7; mt).
Koeghiyienmu ¢, nasusaromucs xoegiyienmamu psoa @yp’e y KOMILIEKCHINA popmi.
Sxmo ¢yukmis f(X) 3amoBosbHIE yMOBaM po3BuHEeHHS QyHKIIT y psix Dyp’e
Ha cermeHTi [—¢; {], To ii psan Pyp’e y KOMIUIEKCHINA (POpM1 Ma€e BUTIIS
+oo  IMX
f()= >cee !, (58)
N=-o0
a oro Koe]ilieHTH BU3HAYAIOTHCS (hOPMYJIOHO
—INmX

1(
c, =Z£f(x)e ‘£ dx. (59)

IMpuxkaagu 10 nyHKTy 7

Hpukaan 16. Po3knactu y psag @yp'e y KOMITIEKCHIN popMi PyHKITIO
1L0<x<m
f(x)=
-1 t<Xx<2m

Po3B's3aHH4
Psan ®yp’e y xomriuiekcHid gopmi Oyaemo miykatu y Burisanl (56), a iioro

koedirienTn Oyaemo 3HaxoauTH 3a hopmyroro (57). OTxe,



o1

— X

27 1
]:—(n—2n+n)=0.
27

n
27
TC
[

_(Ze—inn_ —-i2nn 1)

b1 2n
Co :ijdx—ijdx:i X
211:0 ZTETE 21

s 21
C, = i e—inxdX _ i Ie_inXdX _ Tl e—inx
21 . 21 2inm

n -
—inx

— €

0
T
— I (—lnn 1_e—i2nn+e—inn):

2nm 2nm
Toni psn @yp’e Mae BUTIISIA
i~ 1 ;
f X) = — = 2e—|nn _ —i2nw 1e|nx
() nnZ;OZH( )

abo

f(x):LZ (2cosnm — 2isin nt — cos2nz + isin 2nt —1)e
27 n

N=—o0

f(x)= ZLTE i %(2(_1)nn _ 2)einx :

Nn=—o0

inx ,

o0

f(x)= %nzz_ %((_1)% _1)einx |

i < 1 i
Bi ine: f(X)=— » =(=D"-1)e"™.
inmoBiab: f(Xx) - Z n(( ) )

N=—o0

Mpukaan 17. Posknactu y psa yp’e y koMiiekcHii ¢popMi 2m-nepioandny
GbyHKIIIO
f(x)=¢*; —m<x<m.
Po3B'ss3aHH4
3a popmymamu (56) Ta (57) maemo
T
Co :2_17: exdx:z—lnex " 2—1n(e“ —e™ ™) :%shn ;

—-T
T

—T

T

c, :i X _e—inxdxzi J'e(l—in)de:
2m 2n
-7 —T

T

1 o -in)x

_ _ _ 1 gl _ g~ (L-in)y _
2(1—in)x

21— in)n

-7
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_ (@+in) i r .. )
_—2(1+n2)n((cosnn isinnm)e” — (cosnmt +isinnn)e )
_ (1+In) n.m n,—m _(_1)n(1+in) T _ a7y
C2(L+n?)n (( e (D)e ) 1+n%)rn (€7 -e™)
_( H" (1+|n) )= )" (1+|n)
201+ n?)n T aend)n

X _ Shﬂ: Z (- 1) (1+|n) ginx

1+n2

N=—o0

_shrn Z D" (1+|n) pinx

1+n2

BinnoBian: el=

N=—o0

Hpukaag 18. Po3knactu y pan @yp'e B KOMIUIEKCHIN GopMi TT-MIEPIOAUYHY

GyHKIIIIO

7T
COSX, 0<x<§;

fF(x)=
0, Zl<xs<=m
2
Po3B's3aHHs
3naxoaumo koedimientu psaay Dyp’e 3a popmynamu (59), OCKUIbKU QYHKITIS €

T-TIEPIOANYHOI0, a 0TKe, 2/ = 1. Buxonuts

s
~ T

17 1.2
C, =— | cosxdx =—sin x

T

T T 0
i L L
1 2 2 1 2 . . . 1 2( ( ) ( ) )j
C ~lcosx-e —i NXox = — [ (e™ + e % e—|2nxdxz_ el 1-2n X L 1+2n)x X =
" n-[ ZR-[( ) 27c~[
0 0 0
_ ;ei(l—Zn)x 2 __;e—i(nzn)x 2 _;(ei(l—Zn)% 1)+
12t(1—2n) o 12n(l+ 2n) 0 2rt(1—2n)
i —i(1+2n)Z T
+— (e 2-1)= —cos 2n)—+isin(1-2n)—=-1) +
2n(1+2n)( ) 2n(l—2n )( - ) ( )2 )
1 i T
—  (cos(L+ 2n ——|S|n 1+2n ——1 =———sSin(1-2n)— +
27t(1 +2n )( ¢ ) ( ) ) 2n(1—2n) ( )2
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R SR S i
2m(L+ 2n) 2 2m(l-2n) 2m(l+2n)

:2n(1—2n)( 2 2
i 4n -1)" -1)" 2in
+— = + + =
21 1-4n®> 2n(l-2n) 2n(l+2n) gm(l-4n?)
_ED" 2 2in (D" +2ni
2n  1-4n* n(l-4n?) nw(l-4n®)

Ockinpku QyHKIISA € T-eplogudHoo, To 1i pan Dyp’e BU3HAYAETHCS 3a
dopmysioro (58)

LT T . 1 . T T .
SiIn—cosnmt—Ccos—Ssihne [+ —— | SIN—COoSNTt + COS—SIN Nt |+
2 2nt(1+ 2n) 2

( D" +2ni pi2nx
f
9= Z n(d— 4n)

N=—o0

+00

(-D)" +2ni i2nx
Z n(l—4n )e

BigmoBins: f(X)=

N=—o0

Mpuxaan 19. Gynkuiro f(X) =6X+ 4, BU3HaUeHy Ha IPOMIXKY [—7; 7]
1) po3knactu y Tpuronomerpudnuid psg Oyp'e;

2) po3kiiactu y pan @yp’e y KOMIUIEKCHIN Gopmi.

BneBHuTHCH Y TOMY, 1110 OTpUMAaHI PSIM CIIBIAAIOTh.
Po3B'sa3anHa

1) Ockinbku 2| = 21, To KOpUCTyeMoch hopmyaamu (25), (27), (28) ta (22),

ag =1 j(6x+4)dx _2 j(3x+ dx= 2 L (3x+ 2)?
m m T 6

-7

=i((3n+ 2)% - (-3n+2)) =i(9n2 +12n+4-9n° +12n - 4) =8;
3n 3n

T
a, = 2 I(Bx +2)cosnxdx =
T

—T

2(3x+2 3% }
=— sin nx ——Ism nxdx |=
T n _, N

dV =cosnxdx. V ~Lsinnx|=

[ U=3x+2; dU:3dx;]
n

-7

2
T

3n+2 —-3n+2 . 3
sinnm+ SIn nn+—2cosnx
n n n

i}
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2. %(cosnn —cosnn)=0;
T n

dV =sinnxdx;, V = —Ecosnx

o U=3x+2; dU =3dx
by, =— I(3x+2)sin nxdx = =
n_n n

2| 3x+2 To3%
=—| — cosnx| +—jcosnxdx =

T n —x N2

3 — 2 3 . I ]

=— — cosnm + cosnm + —SIn nx =

T n n n? -
_2 (—3—“—3—3—“+3j(—1)”+32(sinnn+sin nn)j:—g(—l)”.

n n n n n nr

3Bimcu Maemo po3BuHeHHs QyHKIIT f(X)=6X+4 y TPUTOHOMETPUYHHIA PST

dyp’e

0 n
6x+4=4—EZ( D" sinnx
m&~ n

abo
6X+4=4+12sin X —65in 2X + 4sin3X —3sin4x +... . *)
2) Posknanaroun dynkiio f(X) y psan @yp’e y komiuiekcHiin Gopmi, OyaemMo
kopuctyBatuchk Gopmysamu (57) Ta (56).
3HaxXoAMMO KOE(MIIEHTH Co, Cn.

TT
¢ :2—2n j(3x+4)dx:%%(3x+2)2 _

—T

=6i((3n+ 2)? —(—3n+2)2)=6i(9n2 +12n+4-9n° +12n—-4) =4,
7T 7T

T

T

C, = 2_171 I(Gx + 4)e ™ dx =% I(Bx +2)e M™dx =

U =3x+2; dU =3d n n
. .

dV =e"™dx; V:—me‘inX in ~in

ie +—¢e
n n n

T

_1[_3n+2 e =342 e 3 ine

—TT
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:E 3_75ie—in7t_i_gie—inn+3_nieinn_gieinn+ie—inn_ieinn _
i n n n n n? n2

3. . . . .
=—| —i(cosnm —isin Nt + cosnz + isin ) +
T\ n

2. .. .
+—i(cosnm—isin nt—cosnm—isinnx) +
n

3 . . 1 6n. 6(-1)".
+ —-(cosnm—isinnt—cosnt—isinnn) |=—-—i= i
n’ T n

n
_1\n
3Haiineni koediuieHTu: ¢, =4; C, = (176 i
n
Hami nobynyemo psig Oyp’e y komruiekcHii Gopmi.

_1\n
Ockiiibku 3 popmynu C, = ( 1r3 0

| He MOXXHA OTPUMATH C, =4 K YaCTHHHHUN

BUIIAJIOK, TO 3amucatu psin Pyp’e y dopmi (56) He moxkHa. Tomy 3amuiemMo psg y
TaKoOMY BUTJISII

+oo, .
f(X)=co+ D cre™,

N=—o0
+00
1€ CUMBOJI Z HC HOHIHpIO€TBC$I Ha 3HAUYEHHAI N = O
N=—00

O1xe, MacMo

PPN
6X+4=4+ Z 6(-1) ie'"X,
N=—0o0

3anuIIeMo TakoK Iel PsAa y PO3TOPHYTOMY BHTJISII.
. i . i . o . 3 . 3k 3. aix 3. _ai
6X +4=4—6ie™ +6ie™ +3ie™ —3ie?™ —2ie® +2ie ¥ + Zie™ —Zie ™ 4+ ... . (**)

3) Ilokaxemo, mo orpumanuii ans ¢yskmii f(X)=6x+4 psag Dyp’e y
KOMIUIEKCHIN (popMi, MOke OyTH 3BEICHUI 10 TPUTOHOMETpUYHOTO psany Dyp’e mis
i€l 5k PyHKIIT:

6X + 4 =4 —6i(cosx + isin X) + 6i(cosx — isin X) + 3i(C0S2X + isin 2X) —
—3i(cos2x —isin 2x) + 2i(cos3x +isin 3x) + 2i(cos3x —isin 3x) +
+gi(cos4x+isin 4x)—gi(cos4x—isin %) + ..

6X +4 =4+ 6i(CosX —isin X —cosx —isin X) + 3i(COS2X + isin 2x —
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— C0S2X +15in 2X) + 2i(c0s3x —iSiN3X — c0s3X —isin 3x) +

+gi(cos4x+isin 4X —Cc0s4x +isin4x) +...;

6X+4=4+12sSin X—6SiN2X+4sSin3X—3sin4x+... .

Takum 4yrHOM JOBEACHO, 110 psiau (*) Ta (**) criBmagaroTh.
BigmoBinanb:
1) 6x+4=4+12sin X —6siNn 2X +4siNn3X —3siN4x +... ;

2) 6X +4 =4 —6ie™ +6ie ™ + 3ie?™ — 3ie?* — 2je* 4+ 2je 7 g je X —gie“"" +...

8 CnekrpanbHi xapakrepucTuku psagy ®yp’e
8.1 CnekTpajbHi XapaKTepUCTHKU TPUTOHOMETPUYHOIO psaxy Dyp’e

VY enekTpo3B’s3Ky, y PagIOTEXHIIl OJHUM 13 BaXJIUBIMIKX OO0’ €KTIB
JOCIIJKEHHSI € CUTHAJIM, SIK1 BIJIMOBIJAIOTH MOBIAOMIIEHHSIM, 10 MEPEAAIOThCS TUM
YM THIIMM CIOCOOOM KOoAyBaHHs. EnekTpuuHuii curHan — e (G13u4Hui npouec, KU
Hece iHopMariro. KimbkicTs 1HOpMalii, Ky MOKHa MepefaBaTd 3a JOMOMOTOIO
JESKOr0 CHUTHaly, 3aJeXHTh BIJ KOro MapaMeTpiB: TPUBAJIOCTI, CMYTH 4YacToT,
MOTY>KHOCTI.

V¢l curHaliv NoAUISIFOTHCS Ha JETEPMIHOBAHI Ta BUMIAJAKOBI CUTHAJIH.

JleTepMiHOBaHUM CHTHAJIOM Ha3WBA€THCS TAKUM CUTHAJI, MUTTEBE 3HAYCHHS
AKOTO Y Oy/1b-IKUHi MOMEHT 4acy MO>KHa nepea0ayuTu.

BunankoBuii curHaa — 1€ TaKUMM CHUTHajJd, MHUTTEBE 3HAUCHHS SKOTO
nepea0ayuTd  HEMOXJIMBO. Jl0o BHIAIKOBUX CHUTHAJIB HajeXaTh, IPUMIPOM,
€JIEKTPUYHA HAMpyTa MijJ 4ac po3MOBHU, PAAIOIMITYJIbCH Ha BXOJIl PaAioIOKAIIfHOTO
npuiimMaya i T.1H.

JleTepMiHOBaHI CHUTHAJIM MIAPO3IUISIOTHCS Ha TIEPIOJUYHI Ta HENEepioanyHi
CUTHAJIH.

HaiinpoctimuM mnepiofWYHUM CHTHAJIOM € TapMOHIYHI KOJWBaHHA, SKi
ONMUCYIOTHCS (QYHKLISIMU THITY

S = Asin(ot + @) (60)
abo

S = Acos(ot — ), (61)
ne t—1evac, a S — BiCTaHb KOJMBHOT TOYKH BiJ MMOJIOKEHHS PIBHOBArH.

Taki ¢yHKUII Ha3MBAIOTHCA CUHYCOiTadbHUMHU. Yucio A Ha3UBAEThCS
aMIUTITy/I0I0 KOJIMBaHHA, apryMeHT ot+ @, ¢ynkuii (60) Tta aprymeHt ot-—o,
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¢yskuii (61) Ha3uBarOTHCS (pazaMu KOJMBAHHS, YUCIO (g HA3UBAETHCS IOYATKOBOIO

® . o
(hazoro, a 4nuCIO o HA3UBA€ETHCS 4acTOTOI0 KojuBaHHsA. [lepiogom dynkiit (60) ta
T

(61) e uniciio T = E
®

KonuBanus, ski ommcyiotbes ¢(ynkmismu (60) abo (61), Ha3uBarThCA
MPOCTUMH TAPMOHIYHUMH KOJIMBAHHSIMHU 200 TPOCTUMH TaPMOHIKaAMHU.
[Ipyn pocnimkeHH! JESKUX MPOIECIB JOBOAUTHCS 3yCTpIUaTHCS 3 CymMamMu
MIPOCTUX TAPMOHIYHUX KOJMBAHD TUITY
S = A sin(ot+¢) + Assin(o,t +@,) +...+ A, sin(o,t +o¢,) (63)
abo
S = A cos(ant — @) + A, cos(mot —@,) +...+ A, cos(ot—o,).  (64)
Taki KONMMBaHHS HA3WBAIOTHCSA CKJIQJHUMH TapMOHIYHUMHU KOJIMBAHHIMHU.
HakmamanHsd TpoCTUX TapMOHIYHWUX KOJWBAaHb NPHBOIWTH JIO PI3HOMAHITHHX
MEepIOIMYHUX KOJUBAHb, SIKI HE CXOXI1 3 MPOCTUMHU TapPMOHIYHMMH KOJUBAHHSIMH.
SKmo cyma mpoCTUX TapMOHIK € HECKIHYEHHOIO, TOOTO sIBisie cOOO0 psili, TO 3a
JIOTIOMOTOI0 TaKoi CyMHU OyJib-SKy MEpioJu4Hy (PYHKIIO, 110 3aJI0BOJIbHSIE YMOBH
pO3BUHEHHS Y psig Pyp’e, MOKHA PO3KIIACTH HA MPOCTI TAPMOHIKH.
Bukonaemo aeski neperBoperns ¢ynkiii (60) ta (61). Tak, mis ¢pyskmii (60)
Ma€eMOo
S = A(Sin ot cos @, + cos wtsin @) = ACOS @, Sin ot + Asin ¢, Cos mt .

[To3naunmo
Acosg, =b;
Asing, =a.
Tomi
S =acoswt +bsin wt. (64)

Amnanoriuno, 1y ¢pyHkumii (61) maemo
S = Acos ¢, cos ot + Asin ¢, Sin ot .

SIKIII0 MO3HAYNUTH

Acosg, =a;
Asing, =b,
TO
S =acosowt +bsin wt. (65)

[Tpu ubomy A=+ a’+b?,a Q= arctg% st ynkii (60) Ta ¢ = arctgg TUISt
a

¢byHkii (61).
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PosrisitHeMo  HECKIHYEHHY CyMy [MPOCTHX TapMOHIK 3  MeploJaMHu

2n 2n 27 : .
27[’7'?"”’?"”’ BHACIIIIOK YOr0 OTPUMAEMO TPUTOHOMETPUYHHN PpsAA IS
¢byukii f(t) ma cermenti [-7; 7], ToOTO

aH - :
f(t)~=>+ ) a,cosnt+by,sinnt. (66)
2 n=1

a,
[Ipn npoMy BennuMHA ?0 HAa3UBAEThCS CTAJOI0 CKJIaJ0BOI0 a00 HYJIbOBOIO

rapMOHIKOIO, TapMOHIYHE KOJHMBaHHSA &;COSt+D;Sint HasuBaeThcs meEpIIOIO
rapMOHIKOIO, TapMOHIYHE KOJIMBAaHHA @, COSt+Db,Sint HasuBaerscst npyroro
rapMOHIKOIO, TapMOHIYHE KOJHMBAaHHSA &, Cosnt+Db,sinnt HaszuBaeThcst N-0r0

rapMoHikoro 1 T.1. Ilepmia rapMoHika Ha3MBa€TbCA OCHOBHOIO FApMOHIKOIO, Apyra,
TpeTsl 1 T.J. TApMOHIKU Ha3UBaIOThCS BUILIMMU TapPMOHIKaMH.

HynboBa rapmoHika a—20 JIOPIBHIOE CEPEIHbOMY 3HAYEHHIO KOJIMBaHb
MPOTSTOM Yacy, 110 JIOPIBHIOE TiepioAy (PyHKIIII.

Koxuuit ckinaaHuii mepiogUuYHUN CHUTHAT MOXKe OyTH MOJaHuM SK cyma
TapMOHIYHUX KOJIUBAaHb.

Ak 3a3Hayanoch padilie, ICHYIOTh pPI3HOMaHITHI OPTOTOHANIbHI CHUCTEMHU
(GyHKIIH, SIKI MOKHAa BUKOPHUCTOBYBATU SIK 0a3MCHI (YHKUII A1 PO3BUHEHHS y Pl
o X QyHKIIAX 3a7aH01 PYHKITIT, 110 OMKUCYE TOM YW 1HIITUHN MPOIIEC.

Jns JoCHiPKeHHS pPaJlOCUTHATIB, BIJICOCUCTEM HAWUOLIbII JOIIIBHUM €
BUKOPUCTAHHA OPTOTOHAJIBHUX TPUTOHOMETpUUHUX cucteM (yHkuid. Chopasa y
TOMY, 110 TaPMOHIYHI CUTHAJIM € 1HBAapiaHTHUMHU BIJTHOCHO THUX MEPETBOPEHb, SKI
BUKOHYIOTHCS JIIHINHUMU €JIEKTPUYHUMH CUTHAJIAMHU.

Ao OyAb-sIKUW CUTHAJI MOJAHO y BUIJISAl CYMH TapMOHIYHHMX KOJHMBAaHb 3
KpaTHUMH YaCTOTaMH, TO 1€ O3HAYa€, U0 3/11HCHEHO CIIEKTpajIbHE PO3BUHEHHS IILOTO
curHaily y 0asuci rapMoHIYHUX GQyHKUIA. CyKymHICTH OKPEMHUX TapMOHIYHHMX
KOMITOHEHT CUTHAITy YTBOPIOE HOTO CHEKTP.

KosxHa 3 rapMmoHikK, 110 BXOJIUTh 110 psaay (66) mae cCBOI XapaKTepUCTHUKH, a
iXHSl CYKYITHICTh YTBOPIOE CIIEKT-

° ° ° ® | i i >
1 2 3 4 n paibHI  XapaKTEPUCTUKU POy
Dyp’e. Yacrotn TapMOHIK
Pucynok 1

YTBOPIOIOTh YaCTOTHUM CIIEKTP:
1,2,3,...,n,.... (puc. 1) (67)
AMIUTITY 1M TapMOHIK 3HaXOAAThCS 32 (HOPMYIIOH0
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Ah:,/aﬁ+b§,z[en:1,2,..... (68)

Ta YTBOPIOIOTh aMILTITYAHUHA CIIEKTP:
A Ay Asy LA, L (69)
Takuii ciekTp iCHye JHIIE y TOYKaX, SKi BiIMOBIJAIOTh YACTOTHOMY CIIEKTpY.
Ile o3Hauae, M0 aMIUTITYTHUN CIEKTP HE MOXKHA 300pa3UTH HENEPEPBHOIO JIHIEIO 1
HoT0 300paXKyIOTh y BUTJIS/1 BEPTUKAIBHUX JIHIN, K1 BUXOJATh 3 TOUOK YaCTOTHOTO
CIICKTpPa Ta MalOTh BUCOTY, IO JIOPIBHIOE 3HAYCHHIO aMILTITYIH (pHC. 2)
[Ie onHi€I0 XapaKTEPUCTHKOIO €

eHepreTuanuit ciektp Wi, Wo, W, ..., W,, ... (puc. 3) (70)
ne
W, = AZ. (71)
A wA
: r
LY ? ?
Il . I e
’
I vt e ot
i Y G G WP S GH D UG P SHED S S SHE- S S S S ——
Ol 1 2 3 4 n O|1 2 3 4 n
Pucynok 2 Pucynox 3
®da30BuUli CIIEKTP CKIATAETHCS 31 3HAUECHb (Pa3 BIAMOBIIHUX TAPMOHIK:
P1, P2, P3, -5 Pry ooy (72) A .
Ac Pn *
I
b Y
o, =arctg—". (73) *
an ® Lo
I
Bynyersess (azoBuii CIeKTp y e
TOYKaX, IO BIANOBIJAIOTH YaCTOTHO- T l \ l .4 >
My criekTpy (puc. 4). Ol 1 2 3 4 n
Hexaéi Temep ¢ynkmis —f(t)
3aJI0BOJIbHSIE ~ YMOBU  PO3BUHEHHS PucyHok 4

¢bynkuii y psg Oyp’e Ha cermeHTi [—
¢, €]
Toxi BOHA PO3KIIAAETHCS Y TPUTOHOMETpUUHUM psin Dyp’e

Q) :
f(t)~ ?O + > a, cosnot +b; sinnet,
n=1
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T
e o):z,a6o

a nrt _nnt
f(t)~?0+2ancos%+bnsml.
n=1

(74)
Y 11p0My pasi CIIeKTpalibHI XapaKTEPUCTHKN € TAKUMHU.
YacToTHUH CIIEKTP M1, ®2, O3, ..., Op, ... (PHC. D) (75)
@ @ @ @ @ @ @ H—>
o1 ™2 ™3 ®n ®n
PucyHok 5

YactoTa 1 Ha3MBAETHCS OCHOBHOIO YAaCTOTOK), a 1HINI YAaCTOTH € KPAaTHUMH
OCHOBHI/ 4acToOTI: ® = N®1.

AwmrutiTyiHU# criektp (puc. 6):

A, Ay As, L A, (76)
AMIUTITYJHUI CIEKTp € HAWBaKJIMBILIOK XapaKTEPUCTUKOK CHUTHAIYy abo
iHIIOTO Tporecy, mo onucyerbes QyHkiiero f(t), ockimbku 1ei CHEKTp T03BOJISIE

OITIHIOBAaTH BIJICOTKOBHM BKJaJ THUX UM IHIIUX TapMOHIK y CHEKTpl MEPiOJUIHOTO
CUTHAITY.

Enepretnunuii ciekrp:

W1, W2, Wg, . Wn, (pI/IC 7)
dazoBuii criektp (puc. 8):

(Pl, (PZ, (PS, ey (Pn, cee n (77)
AnA WnA
! '
IO . IO
’ ’
] S I G G W (HIPARY W W P ——
O| o1 ®2 ®3 On on O o1 @2 o3 ®n On

Pucynok 6 Pucynoxk 7
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A
On
° °
* ° |
i 2N
) S T B ) S T B
e I I 1 1 e 1 1 1 1
—o¢—o—¢ ¢ P S — é >
@) w1 M2 O3 n ®n
Pucynok 8

8.2 CnexrpanbHi XapakTepucTuKu psaay @yp’e y KOMILUIEKCHiH (popmi

PosrissHemo dynkmiro f(t), sika Ha cermeHTti [-m; 7| 3a10BOJIBHSIE YMOBH
po3BuHeHHs QyHKIT y psag Pyp’e. Oynkuii f(t) BiAMOBiTaE TPUTOHOMETPUIHUN P
®yp’e (54), a Takoxk pan Pyp’e y KOMILIEKCHIN GopMi

f(t) ~ +Z.Ocne““, (78)

N=—00

a oro KoediIieHTH C, BHU3HAYAIOTHCSA (POPMYIIOIO

17 :
—— j f(t)e M, (79)
7T
—T
ne n=..3,2,1,0,1.2.3, ....
3a ¢popmynamu Eiinepa
c,e™ =c,(cosnt+isinnt).
int

int - . - .
Bupasu ce"™ +c_,e”""" HazsMBalOThCA rapMOHIKAMH y KOMILUIEKCHIH (opwmi, a

gucna o, =Nt Ha3WBaAIOTHCS X8UIb0sUMU yuciamu. Psg @yp’e (78) y KOMIUIEKCHIH
(dhopmi sBIIsIE COO0I0 CyMY HECKIHUEHHOI KIJTbKOCT1 TapMOHIK.
int

["apMoHniku Cne'nt +C_,6  MalmTbh CBOI XapaKTEPUCTHKH, CYKYIHICTb SKUX

YTBOPIOE CHEKTPaIbHI XapakTepucTuku psiay Pyp’e. CyKynHICTh XBUIHOBUX YUCET

YTBOPIOE YACTOTHHHM CIIEeKTp ..., 1N, ..., —3,-2,-1,0,1,2,3,...n,.... (puc. 2):
ve,—n, ..., -3,-2,-1,0,1,2,3,...n, ..... (80)
L 2 L —& L 2 L 4 L L L 4 *—& L 2 L L 4 L 4 L 2 L 4 L 4 >
—Nn -3 -2 -1 0 1 2 3 n n

Pucynok 9
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Oco06MBICTIO IBOTO CIIEKTpPA € Te, 110 BIH YTPUMYE K TOAaTHI, TaK 1 BiJ1’ €MHI1

yacToTH. Big’eMHI YacTOTH HE MarTh (PI3UYHOTO 3MICTY Ta MAlOTh JIUIIE
MaTeMaTH4HEe OOTPYHTYBaHHS.

Posrmsimemo  cymy e +c €™, ska yTBOpIOE N-Hy TapMOHIKY ¥
KOMIUICKCHIN (hopmi.

Maemo

| et L o
cre™ +_pe ™ = (@ —iby )€™ + (@, +ibp)e ™)

= E((an —ib,)(cosnt +isinnt) + (a, +ib, )(cosnt —isinnt))=

= —(an (cosnt+isinnt + cosnt —isinnt) +ib, (—cosnt —isin nt + cosnt —isin nt)):
=a, cosnt+Db, sinnt.

OT:xe, KOMIUIEKCHIM TapMOHIII BIJIITOBIJAE JIliicCHA TrapMOHIKA.

TakuM 4YHHOM BBEJICHHSI BiJI’€MHHMX 4YacTOT 3yMOBJICHE 3PYUHICTIO y POOOTI 3
KOMIIJIEKCHUMH YHCIIAMH.

Ammityaauit ciextp (puc. 10) yTBoproeTses MOAYIIMU KOS(IIIEHTIB Cn!

cear|Cphemsle_al [e_a) [e_als eols [eals [eo), [esh--[en - - (81)
AMITTITYIM C, HA3MBAIOThCS KOMIUICKCHUMHU aMIUNTyAaMH. BcTaHOBUMO
3B’SI30K MK aMILTITy1aM#i A, Ta KOMIUIEKCHUMU aMILTITyIaMH  Cp.

1 _ 1 1 1
Cn=§(an_'bn)’ \%FW? \Cn‘zg ag +by ;

1
o =2 A 82)
! !
S I ¢ S T ¢
’ 4

o« I o 0 T R T S T U S S
[ Y W P W GH G S S W W S GO W W S ——

n 3 2 10| 1 2 3 n n

Pucynox 10
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dazoBwii CIIeKTp ..., P, ..., O3, P2, P_1, Po, P1, P2, P3, ..., On, ... (puc. 11):

ceey (P—n, ceey (P—31 (P—Zy (P—ll (PO; (Pl; (PZ; (P35 LR (Pn’ et (83)
da3u @, 3HAXOIATHCS 32 (POPMYIIOIO
¢n =—arg Cn, (84)

OCKIJIbKH aMIUTITyIM C, € KOMIUICKCHUMU.

A T
Pn ®
P
SR
o T
N T B
n a2 a4 e oL
:i::::l.1234 n n
o
|::|‘
B
I é
| e
)
Pucynok 11

Hexaii tenep ¢ynkmis f(t) 3am0BosbHsSE€ yMOBH pO3BUHEHHS (DYHKINT Y P
@yp’e Ha cermeHTi [—{; {]. Tonl BOHA PO3KIANAETHCA Y TPUTOHOMETPUUHUN PsiT
®dyp’e abo y psag yp’e y komruiekcHin hopmi

b inat
ft)~ > cee ! (85)
N=—o0
abo
+00 )
f(t)~ > c,e™. (86)
N=—00

VY 1poMy pasi CieKTpasibHI XapaKTePUCTUKU € TAKUMH.

YacTOTHUM CIIEKTP ..., D, ..., O3, ®_2, ®_1, By, ®1, B2, O3, ..., Op, ... (puc. 12):
ey O, oe.y -3, W_2, M_1, Mg, D1, ©2, O3, ..., Op, ... . (87)

Ammutity nauit criektp (puc. 12):
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A
|Cnl
! !
IO ¢ IO ¢
’ O O ’
o | o S R B oS o | o
[N U A VDD (S W W VI - S " " WP " S W —
®-n 03 02 (0710 01 M2 O3 ®n @n
Pucynok 12

Enepreruunuii criextp ..., W, ..., W3, W, W_1, Wy, W1, Wo, W3, ..., W, ... .
(puc. 13):

oo Weny ooy Weg, Wea, Wy, Wo, Wi, Wa, W, ..., W, .. . (88)
W, A
7 7
* *
4 4
o« I o O A T BT S K PO S
(Y N WY NP W N W W— U W G G WP G S S ——
®-n -3 ®-2 (0710 01 02 O3 On ®n
Pucynox 13

dazoBuii criektp (puc. 14):

ceey (P—n, ceey (P—S’ (P—21 (P—l; (PO, (pl, (p2, (PS, ceey (Pn, e n (89)
A I.
®n *
A
Yoo
¢ : I I
o | | : I
vl
_ ety b | I
‘wan.,?36;2$lzii—ék$i—é>
: ' I : : I I 1 ®1 W2 O3 ®n on
| : : | | : )
| | | | | ®
l o Lb
IR
L
| e
®

Pucynox 14
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CnektpanpHol0 (yHKIIEI0 a00 CHEKTpalbHOKW MIUIBHICTIO psgy Dyp’e
HA3UBAETHCS (QYHKITIS

l
S(nAw) = 2/, = j f ()eMAetgt,
4
Ockinbku criekTpanbHa QyHKIA S(NA®) € KOMILICKCHO3HAYHOK (DYHKIIIETO,

TO BOHA XapaKTEPHU3YEThCSI MOJYJIEM Ta (pa3oro, SKUM BIJINMOBIAAIOTH JBa JIHIHYATUX
CHEKTpa: aMILTITY JHUI Ta (ha30BUI.
AMIUTITY THUM crieKTpoM P(NA®) HA3UBAETHCSA MOYJIb CIICKTPAIBHOT (DYHKIIIT,

TOOTO
|
p(NA®) =[S (nAw)| = j f (t)eMtdt
-

dazoBum criektpoM P(NA®) HA3WBAETHCS APTYMEHT CIEKTPAIBHOI (YHKIIIT,

10 OepeThes 3 MPOTHIICKHUM 3HAKOM, TOOTO
d(NAw) =—arg S(NAw®) .
3a jonomororo criekTpaibHol GyHKIIT S(NA®) Oyab-axy dynkiiro f(X), mo 3amo-

BOJILHSIE YMOBH PO3BUHEHHS y psix Pyp’e HA cerMeHT! [—¢; €], MOXKHA ITOJATH y BUTJISAAL
Yy Yy y ) Yy

f(x) = i iS(nAm)e‘”wa
N=—o0 26
s TOYOK HerepepBHocTi f(X) Ta y Burmsai
1 <« 1 inAwx
S (Fx=0)+ f (x+0)) :n;OZ—gS(nAoa)e ,

1€ X — TOYKU PO3PUBY MEPILIOTO POIY.
Takum uwmHOM, skmo mnepioguuHa ¢ynkuis f(X) € 3amaHor0, TO MOXKHA
moOyIyBaTH i1 CIIEKTP YaCTOT Ta HABIIaKH, SAKIIO BIIOMO CIEKTP 4acTOT (YHKIIiI, TO
MOJKHA 3HalTH 1 camy dyHkIiro f(x).
OTmxe, MOXIIMBI J1Ba mojaHHs QyHKIIT: yacose, koiau ¢yHkiis f(t) e pynkiiero
yacy t, Ta 4YacTOTHE, KOJM € BU3HAYCHUM CIEKTp, TOOTO amrumntyau p(NAw)

YacTOTHHX ckmanoBux et
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Hpuxiaaau 10 nyHkry 8

Mpuxnan 20. Oywkuis f(X) 3apana rpadivno (puc. 1) Ha cermenti [0; 4];

£(x)

1__

<y

O 1 2 3 4

Pucynox 1 no npuxmamy 20

1) Banucatu  ¢yskmito  f(x) B
aHAITUYHIN Qopmi.

2) Poskimactu  dymkmiro  f(X) y
TpuronomeTpuunuii psa Oyp’e.

3) Poskmactu  dyskmio f(X) y psan
®dyp’e y KOMILIEKCHIN (opMi.

4) IToOynyBaTd aMIUTITYIHHHA CHEKTP
HAa M = 5 TapMOHIK I
TPUTOHOMETPUUHOTO psiay DPyp’e.

5) IloOynyBatn aMmILTITYAHUNA CHEKTP

Ha M = 5 rapmoHik i psany Oyp’e y komruiekcHii hopmi.

6) [loOynayBaTi eHEpreTUYHUN CHEKTP Ha M = 5 TapMOHIK JUII TPUTOHOMET-

puuHoro psgy dyp’e.

7) IToOymyBaTu €HEPreTUYHHUM CIIEKTp Ha M = 5 rapMoHik it psagy Pyp’e y

KOMILUICKCHIM (hopmi.

1) I'pacdix 3amaHoi QyHKUIi sABIsSE COOOKO JIaMaHy 3 BEpPIIMHAMHU Yy TOYKaX

0(0; 0); A(1;1); B(2;1); C(3;0); D (4;0).

AHamTHYHO 18 QyHKIIisA HA cerMeHTi [0; 4] onucyeTbes y Takui crocio:

f(x)=

X,
L

gkao 0<x<1
akmo 1<x<2;

3—X, gKmo 2<X<3;

0,

aKmo 3< X <4,

2) ®ynukmis f(X) Ha cermenti [0; 4] 3amoBosbHsIE yMOBH Teopemu Jlipixie.

[ToGymyeMo TpuroHoMeTpuuHHiA psij 3a hopmynamu (33) ta (35):

0

QD

=]

Il
N |-
O'-.I—‘

1
:E(Il'i‘ |2 + |3+ |4)

ao=1 jxdx+jdx+.[(3 X)dx+I0de L 1le
1 2

3

2
1 2
+X —=(3-x =1
,3-%)

2|2

0 2

XC s—dx+Icos7dx+I(3 x)cosde+j0 cosdeJ



2 _ : 2
=—— - 2sin2nn-sinnnt+ ——-(cosnn—1) =
n-m n-m

1 2 3 4
1 . nmx . nmx . hmX . nmx
b, _E[E‘;xsm 7dx +J1‘S|n de+ !(3— X)sin 7dx +‘£O -sin de

1

PosrnsHemMo K0>XHUHM 3 IHTETpajiiB OKPEMO.
1 =X =
nnx U=x; dU =dx
I, :J-xsm de n7Tx 2  NmX|=

dV =sin—dx;, V=——c05—
0 2 nm 2

]:
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7 U=x; dU =dx
= — 2 . NnX |=
! JXCOS 2 dx= dv = cos—dx V = sin—
0 2 N 2
1 1 1
2X . NuX 2 ¢ . nmx 2 . nm 4 nnx|
=—sin——| ——|sin——dx=—sin—-0+——cos =
nm o Ty 2 nt 2 n°m 2 ‘o
_2 sin nn+ 4 cosmc 4
N 2 n2ﬂ_{2 2 n27t2'
2 nnx 2 x| 2 . 2 .Nnm 2 . Nnm
l, = [cos——dx=—sin—~ =—sinnt——sin— =-—sin—.
N L N7 2 N7 2
3 U=3-x dU =—dx
nmX
[, = _ " dx = 2 . N |=
3 J'(g X)cos 2 dx= dVv = cos—dx V= sin2
2 nm 2
3 3
2(3—X N7mX N7X 2 4
= ( )s n| — smidx 0——sinne— cosrmx| =
nm 2 ‘2 2 nm n2n? 2 ‘2
4 co 3nn+ 4 cosn
=— S .
n’m? 2 n?’n?
4
e
I4—IOCOSde—O.
Toni
1/ 2 . nr 4 nm 4 2 . Nm 4 3N 4 nm
a, =—| —Sin— +——-C0S— —————Sin— ———Cos +——C0S—
2\ Nz 2 n°r 2 Nt Nm 2 n°r 2 n°r 2
1 4 cosmr cosgnn +1 4 cosn 4
- . [ [ — T — =
2 n’n? 2 2 nmn? n’m?
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1 1 1
2X  nmX 2 nmx 2 4 nnx|
=——C0S— cos—dx———cos—+0+ > Sin =
N 2 nm 2 n2n? 2 |
0
2 n 4 nm 2 n 4 | nm
=——C0S—+—5—SIN——-0=——CoS—+——sin—
nm nm 2 nm n°m 2
N7tX 2 N7tX 2 2 nm
I, = |sin—dx=-——Cc0S——| =—-—Ccosnmt+—C0S—.
2 nm 2 1 nm nm
1
3 = : =—
;= .(3 X)sin nnX N dUZ dnnx =
37 o U ldV = sm—dx V=—"-=r0s—|
2 2 nm 2
3 3
2(3—x) nnx| nmx 2 4 . nmnx
= cos—dx= 0+—cosnmt— ;5 SIN——| =
nm 2 ‘2 nTC 2 nm n°m 2 |,
2 4 3nn 4 2 4 . 3nm
=-—C0SNT — ——Sin +— smnn_—cosnn— > SiN .
nmw n“rm 2 n’r? nm n°m 2
2
. Nmx
I4:IO-S|n—dx=O.
2
1 2 nr 4 nm 2 nr
b, =—| ——C0s—+——sin— ——Ccos—+
2\ nm 2 n°m 2 nm 2
2 nct 2 4  3nm 4 nm 3N
+-—C0S—~ +—C0SNt — ——Sin 55 sin— —sin— |.
nm 2 nm n°m 2 | n’n 2

OT)Ke, Ma€eMo TpuroHomeTpuuHuii psa Oyp’e st dynkiii f(X) Ha cermenri [0; 4]:

wx 1 nrw 3nm NnX
f(x =— — —(cosnt -1 cos—+ sin — —sin—— |sin— *
=27 Z(n (cosnm ~d)cos—o "+ 2 ( 2 2 j 2 j )

3) Ho6yny€Mo psain @yp’e y KOMIUIEKCHIA Gopmi, CIUparoduch Ha (HOpPMyITU
(59) ta (58):

1( % 2 3 4
Co :Z(J.xdx +‘!‘dx+ !(3— x)dx+_:[0de:

2
I g Iy
1 a2 2) 72

1

ifp a2 3 LA L
C, = Ixe 2 dx+Ie 2 dx+. (3-x)e 2 dx+_[0-e 2 dx |=
0 1 2

1
+X —=(3-X
,3-%)

1
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PosrissHemMo K0XXHUH 3 IHTETPajiiB OKPEMO.

Lo I U=x dU =dx
I =jxe 2 dx= —innx 2 _inmx
! dV=e 2dx V=—"rg 2
0 inm
i i I
e [ 1 _Inmx _ Inmx 2 inmx
:_.Z_Xe_% +__J-e 2 dX:—_—e 2 +0- 2 2e 2 =
InT o N7y INT (inm)
_ 2| e 'gﬁ+ 4 o Igﬂ? 4
2 inmx inmx . inm
|2=Ie_2dx—__i o | LA i A Ty
N nm nmw
1 1
3 _inmx U=3-x; dU =—dx
I=j3—xe 2 dx= —inmx 2 _inmx |_
2 inm
2i(3—x) > i 3 ™ oi A Cinax 3
= ’¢ 2 —— e 2 dX:__e—InTC_—Ze ) .
nn 2 Nms nm (nm) )
- 3innx
—_ﬂ —inm 4 e_ 2 + e—inﬂ:
B 2.2 2 2
nm n°m n°m
Toni
: in inm . ] inm .
a5 4 5 _ 4 2 m_ 2 75 2 im
=—|—¢€ e — +—e ——e ——_ e —
n 2_2 2_2
4| nx n°m n°m nm nm N7
3inrw inm 3inx
4 1 [ 4 T4
-——e 2 +ﬁemn _ 2282—1— — € 2 4 22elnn
nm n-m n°m n°m n°m

Takum uuHOM, psin Pyp’e y komIuiekcHid dpopmi ast ¢pyskmii f(X) Ha cermenTi

[0; 4] mae BurIISIA

1 1 &1 i i
f(x)~=+— “le 2 —1+e 2 4e '™ |, *k
¥ nzn;o nz( j )

4) IToOynyeMO aMIUTITY AHUM CIIEKTpP HA I’ ATh FapMOHIK A psaay (*) (puc. 2).

: 2 2 ,. Nt . 3nn
Ockinbku ao = 1 1a @, =——(cosnn—1); b, =——(sin——sin——), 1o 3
n°m n°m 2 2

touHicTiO 1o 0,01 Maemo:
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8y =—— ~—041;
T
3.2 ~0 ;
4
a3 =——>~—0,05;
On
a, =0;
4
a5 =——— ~—0,02;
251
An)\
le
S
0023 ' « 2 L >
0 01 W2 3 W4 O5 Mn

Pucynox 2 no npuxmnany 20

2 .

C,=——5@Q-1);
-1 752( I)
c, =0;
C3 9 2(1 I)a
c,=0;
Cs =— e 2(1+|)
3HaXOANUMO aMILUTITYAH
o) - 22 ~02s;

n°
c,|=0;

242
‘ 3‘:W:O,031
‘04‘:0;
‘ 5‘ _001

3Haxomumo amIutityam A, =+/a’ +b’ .
Ao=1;41~0,57; 4, =0;
Az = 0,06; Ay = O; As = 0,02

5) TloGymyemo  amIUTITYHUMA
CIIEKTp Ha I’ SITh TAPMOHIK JIJIs psxy (%)
(puc. 3). Ockinbku ap=0,5 Ta

_ nn 3nn .
Cp = 212( T 1677 te '”T‘),
n-m
TO 3 TouHICTIO 710 0,01 Maemo:
C, = —% @a+1;
T
C_2 = O,
Cy=———(+i)
c,=0;
C= 1-1
-5 25 2( )
e-22 020,
T
¢ o[=0;
o =22 003,
Ir’
c4|=0;
=22 o0
25
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O

=
-
>

o---"Fo20-- 9
® o ? o ——x0n o9 o o >
W5 W4 W3 W2 W10 1 ®2 3 4 5 ®n

Pucynox 3 no npuxnamy 20

6) [ToOyayemMo eHepreTHYHHI CHEKTP Ha ITSITh TAPMOHIK Ut psiay (*) (puc. 4).
Ockimsku W,, = a5 TaW,, = A, T0

Wy =1; W; =0,33;

W, = 0; W5 = 0,0036; 19

W, = 0; W5 = 0,0004.

7) IloOymyemMo eHEpreTUIHHUIA CIIEKTP

Wn A

. 033@----
Ha II’SITh TAPMOHIK JUIs pamy (**). ’
OCKUIBKH D% 000 o« ¢ P >
2 2 2 0 WL 2 W3 4 5
W, =‘CO‘ ta W, =|C, :‘C—n , TO
\\5\/\/0 B 8’2\;’ Wlo_ogbog& Pucynok 4 1o npuknaxy 20
2=U; W3 =0, .
W, =0; W5 = 0,0001.
W, A
1 e
I (1IN
» » ? . o 0000y . ? » ® >
®W5 W4 O3 W2 10 w1 ®2 W3 W4 5 Mn

Pucynok 5 no npukiany 20
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BiI[HOBi,Z[b'

1 nmw 3nm nmX
f (x ~—+— = (cosnm—1)cos ™ 4+ = | sin M _gin 20T |gjn 1T ;
X5+ 2 Z( (cosnm ~L)eos— ( 2 2 j 2 J

n

1 1 &1 i S
f(X)~=+—=— “le 2 _1+e 2 4 ™|,
0-3+5 2 5 j

N=—o0

IMpuxaax 21. Poskinactu dynkmito f(x)=e* y psag ®yp’e y KOMILIEKCHIN

¢dopmi Ha cermenTi [0; 3] Ta moOyayBatu ii a30BUll CEKTP.
Po3B’sa3aHH4

3anana ¢yHkuis Ha cerMeHTi [0; 3] 3aa0BOJBHSIE YMOBH Teopemu Jlipixie,

3 ..
20=3 1= E . 3HaxX0AMMO KOE(DIIIEHTH Co Ta Cp:

3 3
17 1 1, 4 1, 4
=—|eTdx=—Ze"| =—=(e7 -)==(1-e7),
5 | 3¢ =3 D=5
13 ~ Znnx 3 —(+ |@)x 1 1 —(1+|2’m)x
Ch ——Ie e I -5 € =
3 3 . 27N
0 0 1+IT 0
:_E. 3 e—(1+i2’,ofn)3 12 3—2nni e —3+2nni_1):
3 3+2min 94 4n2n?
__ 8—emi. (_3e27Eni —1):——3_272“2 (e‘3(c052nn+isin2nn)—l):
9+ 472n? 9+4n°n
3—2nni 3—2nni 3
= 2t @) ="""" 1-e).
9+ 4n2n? &) 47r2n2( )

Toni psag @yp’e nas X [0, 3] Ma€ BUTJIISL

_ 3-2nni  i2mny
f(x)=@1—e"3) e 3
,1_21009+4712n2
OckiJIbKH

1-e7°

————(3-2mni
9+47t2n2( i)

a0o
_3@1-e?) 2mn(l-e” )
9+4n’n?  9+4xn’n

TO



73

271N
¢, =—argc, = arcth .
3BiacHu

Q= arctgz—:;t =0,38; ¢, = arctg4—37c =0,45;
: 8n .
@5 =arctg2n=2,83; o, = arctg? =0,48;

Qs = arctgl%TE =0,49.

On

2,83 L4

2 4

1 |

O,AQ -
®5 04 O3 02 O1 6wFos o @ A
! i 1 .""""'n : 1 T T T )
° . ® O 0 ®w1 W2 O3 4 05 on
o

Pucynox 1 no npuxmnany 21

9. Anpoxkcumanisi GyHKUi# TPUMrOHOMETPUYHUM MHOTo4IeHOM Pyp’e
9.1 Anpoxcumanis pyHkuii MHOrowieHom @yp’e

V 3a5e)HOCTI BiJ CBOiX BiactuBocTed (yHkiis f(X) Moxe Oyt po3BHHEHa y
TOW uM 1HIMKA psAn, sk pan Tewnopa, psa MaxknopeHna, y3aranbHeHuil psin Dyp’e,
TPUTOHOMETpUYHUM psin Dyp’e.

Skmo ¢ynkmis f(X) po3BuHeHAa y IESIKMIA P Ta 3aJ0BOJILHSE YMOBHU
PO3BHHEHHS y IIeH PsiJl, TO CyMa TaKOTo psay MOpiBHIOE 3HaueHHsM ¢QyHKIiT f(X) y
BIJIITOBIJHUX TOYKAX.

3a geskux oOCTaBUH JIJIsl XapaKTePUCTUKU (YHKI[IT HE 000B’A3KOBO 3HAXOAUTH
CyMy psifly, B SIKHI BOHA pO3BUHEHA, a MOXKHA OOMEKHUTHUCH JIUIIEC YACTUHHOIO CyMOIO
psny Sn(X), 110 TPUBOIUTE 10 HAOIMKEHOT PIBHOCTI

f(X) = Sn(x),
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sKa € TUM TO4YHiIe, yuM Oinbiie N. YactuaHa cyma Sp(X) sBIIsi€ COOOK0 MHOTOYJIEH.
3amina ¢yskii f(X) Ha MHOTOWIEH S,(X) Ha3MBaeThes ampokcumariiero GpyHkii f(X)
MHOTOWICHOM Sp(X). [Ipu 1mpomy MHOTOWICH Si(X) HA3WBAETHCS AMPOKCHMYIOUYHM
MHOTOWICHOM.

Sxmo ¢ynkuis f(X) Ha cermenTi [—7t; 1] 3a10BOJIBHAE YMOBU PO3BUHEHHS Y P/
dyp’e, TO 11 AMPOKCUMYIOYMM MHOTOUYJICHOM € JIESIKMHA MHOTOWIEH N-TO MOPSAKY

n
o :
Pa(X) =2+ > oty COSkx + By sinkx. (89)
2 k
=1
Po3rnsineMo, skuMu MaroTh OyTH KOEIIEHTH Ok Ta Pk, 1100 ampOKCUMYIOUUN
MHorowieH Pnp(X) 3a maHoro N jaBaB Haikpaiie HaOvbkeHHS 10 GyHKIii f(X).
BrnpoBamuMo BenwuuMHy O, SIKa HAa3WBAEThCS CEPEAHHOKBAAPATUIHUM
BiXmIeHHsAM MHOTOowIeHa Pn(X) Bix ¢ynkiii f(X) Ha cermenTi [a@; b] Ta BU3HaYaeThHCs
dhopmyoro

b

21 B 2

: _b—ai(f(x) P () 2dx.

a st GpyHkii f(X), mo BU3HaAYeHa HA CErMEHTI [—T; 7],

Y
52 = 2 [(1(x)~ Py () ?dx
27

-7

abo
2

U n
1 .
82:—J f(x)— E+Zak coskx + By sinkx | | dx. (90)
2T 2 "

Jns Toro, mo6 ampokcuMaiiis OyJjia HalKpaiiow, MaeMo 3’SICYyBaTH 3a SKUX
3HaueHb KoedilmieHTiB o, 0, By (k=1 2;...;n) dynkuis &% sax dynxmis 2n+ 1

3MiHHOT Ha0yBa€ HAWMEHIIIOTO 3HAYEHHS.
BuKoOHaeMO CITpOIICHHS ITi)T 3HAKOM iHTerpaina i3 popmyiu (90)

1TE o n -
§2=—— [l £2(x)—2f(x) 2o 4 coskx + B, sinkx |+
an( (x) ()(2 2. Py j
0 2
+[%+Zakcoskx+[3ksinka dx,
k=1

1 7 o [ 1 i
§%=—| f2(x)dx—==2| f(x)dx-= f (x)coskxdx —
ZR_jﬂ (x) 2n_jﬁ() nkzﬂak_fn
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——ZBk J.f(x)sm kxdx++——fdx+—2ak Icos kxdx +

—-n

ZBK _[Sln kxdx+—oc02ak J.coskxdx+—oc()Z:Bk Ism kxdx +

+1iiaka jfcoskxc031xdx++ ZZaka Icoskxsm jxdx +
= T=j=1
+— ZZBKB J'smkxsm jxdx.

kljl

BpaxoByroun, mo

1 T 1 T
= If(x)dx:ao, = If(x)coskxdx:ak :
T T

-7 -7
1 T T
—jf(x)sin kxdx = by jcos2 kxdx =0,
T

- -7
T T
Isinzkxdx:o jsinkxcoijdx:o, e kK= j,
-1 -7
T T
Icoskxcoijdx=0,z[e k=], jsin kxsin jxdx =0,
e “r

ae k, j=1,2,...,n, orpumMaemMo

:—J.f (x)dx — 2 Z(akak+l3kbk)+—+ Z( c+BR)-

k=1
a; 1<
Sxmo y mpaBiii 4acTUHI JOAATH 1 BITHATH BUpa3 T°+52(a|f +b2) |, To
k=1

TO1
=—jf (x)dx ————Z(ak+sk)+ (ot —85)° += Z«ak—ak) + (B ~b)?).
Hepun TPpH JO0JAaHKH npa1301 YaCTUHHU HC 3aJICKATh BII[ KOC(l)lLIlGHTlB

ay; a,; b (k=1L2;...;n). Yci iHIN 10JaHKU MPaBOi YaCTUHU € HEBiJ eMHUMH. ToMy

8? mocsrae HaWMEHIIOrO 3HAYEHHS, AKIIO Li JOAAHKU OyAyTh JAOPIBHIOBATH HYIIIO,

TOOTO, SIKIIIO
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Oy =8y, 0y =8;;0, =8,,...,0,, =a,; B, =b;;B, =b,,...5, =Db,.

Tomi
:_If (x)dx — _g——Z(ak +b?). (91)

Y TakoMy pa3i BHXOIUTh, IO ampOKCHMyouuii MHorowieH Pn(X) nae
Halkpaie HaOomkeHHs 10 GyHkmii f(X), sKiIo BiH Mae BUTIIS

_ao = .
P, (x) _?+Zak coskx + by sinkx,

k=1
T00TO sIKIO Pr(X) 30iraerbes 3 MuorowteHom ®Pyp’e mns gynkii f(x).

9.2 HepiBHicTb becceas. PiBuicts IlapceBans

3 popmynu (3.206) BUXOAUTS, IO OCKiIbKU 82 > 0, TO

—jf (x)dx ———Z(ak+b )>0,

a OTXKe,
m 2 n
1 2 ap 1 2 12
— | fe(X)dx>—+=>» (a; +by)-.
- _[ (x) 25 kz_:l( k +bi)
g -
[Tpunyctumo, mo N — oo, ToA1 MaEMO
T n
%jfz(x)dxzéa§+2(af+bk2)- (92)
e k=1

HepisHicts (3.207) Ha3uBaeThCcs HEpiBHICTIO becces.
Sxmo ¢pynkuis f(X) Ha cerMenTi [—7; 7] 3a10BOIBHSIE YMOBH PO3BHHEHHS Y PSIIT

CDyp,€, TO 82 ,Z[OpiBH}OC HYJIFO KOJIM N — 00, Y TAKOMY pa3i
1 Tf| 2 g §n ( )
= f (X)dx=—+ a + b 93
) ( ) ( k k

PiBnicTs (3.208) HazuBaeThes piBHICTIO [lapceBans.
3a gomomororo HepiBHOCTI beccens MO)KHAa JMOBECTH BaXKJIMBY BJIACTHUBICTh
koedirienTi psga Dyp’e.

Teopema. Skiuro dynkiis f(X) € KyckoBo-HENEpEepPBHOIO Ha CErMEHTI [-Tt; 1], TO
il koegiuienTu Oyp’e NPAMYIOTH A0 HYJIS, SIKIIO N — 00, TOOTO
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lim a, =0;
n—oo

94
lim b, =0. (54)
n—oo

JloBegeHHs

Sxmo ¢pynkuis f(X) Ha cermenTi [-7; 7] € KyCKOBO-HENIEPEPBHOIO, TO 1 PYHKIIis
f 2(X) TakOK € KyCKOBO-HENEpPEepBHOIO HA cerMeHTi [—; ).

Toni 13 HepiBHOCTI beccenst BUXOIUTh, 1110

= 17 1
> (@2 +h3) <= j £2(x) fx - a3,
1 me 2

e 0]
a Ile O3HaYae, Mo P Z(a|3+b|f) € 30DKHUM psioM. 3a HEOOXITHOK O03HAKOIO
k=1

301)KHOCTI psIIy MaeMO
lim (aZ +b?) =0,
k—o

3BiJIKM BUXOIMTH, o lim a, =0 Ta lim b, =0, 3Binku Bumusae (94).
k—o0 k—o0
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I'naBa 2
IHTEI'PAJI ®YP’€E. IHTETI'PAJIBHE HEPETBOPEHHS ®YP’€
1 InTerpan ®@yp’e B aiiicHiii popmi

Hexaii pynkmis f(X) 3amoBoibHSE yMOBH:
1) Bu3HayeHa B iHTEpBai (—o; +0);

2) € abCOJIIOTHO IHTEIPOBHOIO B iHTEpBaji (—o0; +o0), TOOTO
400
[1100 dx=K <oo;
—00

3) Ha Oyab-sKoMy cerMeHTi [—¢; €] Moxke OyTH po3BuHEeHa Yy psix Pyp’e, ToOTO

Q .
f(x)==2+ ) a, cosnwx+by sin nox
2 n=1
3 koedilieHTaMu
¢
1 .
ag =— | f(x)dx;
/0
—
‘
f (x)cosnwxdx;

b, = [ 1 (X)sin noxdx,

T
ne o=—, n=12 ...
/

3anumemo psaa Oyp’e y Burisaal

/ o ‘ /
1 1 1 i :
f(x)= E_J; f (x)dx + nzﬂ {ijf (x)cosnmxdx}cosnmx + (Z‘Lf (x)sin noaxdxjsm noX |.

JI1st 3py4HOCT] 3MIHHY IHTETPYBAHHS X Y BU3HAUEHUX 1HTErpaiax Mmo3HauuMoO

yepes t:
1 (1 ¢ 1
f(x)=§_‘|;f(t)dt+nzz‘1 z_fgf(t)cosnootdt CoSNmX + Z_J;f(t)sm notdt [Sin noX |.
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3B1ACH MAaEMO

f(x)= I f(t)dt+ I f (t)(cosnwtcosnwx + sin netsin nmx)dt
n=1 -

abo

f(x)—— j f(t)dt+= Z j f (t) cosno(t —x)dt . (95)

n=1_ Y]
[Tpunyctumo, mo £ — . Uucna o; 2m; 3, ..., No, ... yTBOPIOIOTh YaCTOTHUI
cnektp. [lozHauumo ® = m1; 20 = ®2; 30 = ®3, ..., N® = Op, ... . Y TakoMy pasi

YACTOTHHM CIEKTP CKIAJA€ThCA 3 YUCET 1] M2 ®3, ..., Op, ... . [Ipu mboMy
_ _ _ T
A®pn = ®p — On1 200 A®p = Op — Op 1 = n(o—(n—l)(o:oozz. Skmo £ — oo, TO

Awn, — 0. lle o3nauae, mo koiu £ — o0, TO YACTOTHUM CHEKTP 3 JUCKPETHOIO
CIIEKTpa MEePEXOIUTh y HenepepBHHﬁ CIIEKT.

Toni f(x)_— j f(t)dt+£ j f (t)cosop, (t —x)dt.
n=1_y

o . . T
I[pyrI/II/I A0JAaHOK IIPpaBO1 YaCTHUHH IIOMHOKHUMO Ta IIOAJIMMO Ha z .

f(x)——jf(t)om1 fc Uf(t)cosw (t— x)dtJ

-

f(x)=— j f (t)dt+ ( j f (t)coso, (t - x)dt] Aw, . (96)

—(

Orinnmo nepmpm JI0JTAHOK npaBm gacTuHU piBHOCTI (96), kKo € —> oo.
0

lim |~ If(t)dt_llm—jf(t)dt<llm ij\f(t)\dt_nm 2%:0

Hpyruit nomanok mpaBoi yactuHU (96) sBIsg€ COO0OI0 IHTETPATBHY CyMY
BIJTHOCHO .
OTtxe,

fim z( [ £ (t)coso, (t - x)dt]Am _T (fo f (t)cosw(t—x)dtj do

0

—00

OcTaTroyHo MaeEMO
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F(x)= 2+ [] [t@cosat-xat | do. (97)
T 0 \—w

Bupa3z y mpasiit yactuni piBHOCTI (97) HasuBaeTbes immeepairom Dyp’e nis
dbyukii f(x). B ycix Toukax HenepepBHocTi ¢yHKIi f(X) 3HauenHs inTerpana dyp’e
30irarotbest 31 3HadeHHsMU (yHkii f(X). ¥ Toukax x, moO € TOYKaMu PO3PUBY
HEpIIOro POy, € CIIPaBeIINBOIO PIBHICTD

+00( +00

lj jf(t)cosco(t—x)dt do=1(f(x—0)+ f (x+0)). (98)
el 2
3Bakaroun Ha mapHicTh GyHKIIT COS®(t — X) popmyiy (97) 3pydHO 3anmucyBaTH
y BUTJISAI
1 +00( +00
f)=" j j f (t) cosm(t — x)dt | do, (99)
a dopmymy (98) y Burmsi
1 +00( +00 1
= j j f (t)coso(t — x)dt |do==(f(x=0)+ f(x+0)). (100)
2m J | - 2

2 Inrerpan @yp’e 1jis NAapHUX Ta HeNAPHUX PyHKUI
2.1 Interpana ®@yp’e ajst napHux QyHKUin

Hexae ¢ynkiis f(X) € mapHoro (yHKII€O, sika MOke OyTH MOJaHa IHTErPaJIOM

dyp’e.
3anumemo piBHICTb (97) y BUTIISAII
+00 (400 +00( +00
1 1 . .
f(x)== j f (t) cosotdt |cosoxdam+ = j j f (t)sin otdt [sin mxde. (101)
T T
0 \—o 0 \—o

BHyTpimHii iHTerpan y JpyroMy JOJaHKY € IHTETpajioM BiJ HEmapHOl
¢bynkii, ockinbku f(t) — mapHa ¢yHkiis, a Sinot — Hernapaa GyHKIis. OCKUTBKA MEXi
IHTErpyBaHHS € CHMETPUYHUMH, TO TAaKUW 1IHTETPaJI JOPIBHIOE HYJIIO.

Takum unHOM, 1HTerpan yp’e st mapHoi GyHKIIIT Mae BUTIIS

+oo( +00

F(x) =+ j j f (t) cosotdt |cosoxdw. (102)
TT

0 \ -
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OckiJIbKu
+00 +o0
j f (t)cosmtdt = 2 j f (t) cosotdt
—0 0
SIK 1THTeTpaJ BiJ mapHOi (YHKIIT y CAMETPUUHUX MeXKax, TO

f(x)= ET{Tf (t) coswtdt}coswxd(o. (103)
0

T
0

2.2 InTerpaua ®@yp’e 151 HenmapHUX QyHKLiA

Hexaii ¢ynkmis f(X) € HenmapHoro QyHKIi€O, ska MoXe OyTH IojJaHa
iaTerpanom dyp’e.

bynemo Buxomutu 3 ¢opmynu (101). BHyTpimmHil iHTeTpan y mnepmomy
JOJIaHKY SIK 1HTETpaJl 3 CUMETPUYHUMHU MEKaMU BiJ] HenmapHoi (GyHKII JTOPIBHIOE

HYJTIO.
Toni inTerpan Oyp’e g HeapHOi PYHKINT € TAKUM:
2 +00 (400
f(x)=2< j [ j f (t)sin mtdt]sin oxdo. (104)
Tolo

Ipukaaau 10 myHkTiB 1 — 2

Ipukaan 22. 3agano HenepioAUIHY (QYHKITIFO
0, SAKIIO X < —T,
f(X)=16x+4, skmo —n< X<,
0, SAKIIO T < X.

3uaiiTu inTerpan ®yp’e mis pyskiii f(X) y mivcHiit Gopmi.

Po3B’s13aHH4
3amana (yHKIIS 3370BOJIbHAE YMOBH ICHyBaHHs 1HTerpana ®yp’e. byaemo
KOPUCTYBATUCh moaaHHsM (97).

& U =6t + 4 dU = 6dx
f(x):;j (6t + 4)cose(t — x)dt = dV =coso(t — x)dt; Vzlsinco(t—x) N
O\ —-m Q)
o0 T T
zlj' O+ 4 Sin ot — x) —Ejsinm(t—x)dt do=
mol @ o O
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1% 6n+4 . —6m+4 . 6
:_j nr Slnw(n—x)—ismw(—n—X)+—2C080)(t—x) do =
Ty ) ) .
1e(6rn+4 . —6n+4 6
:_J‘ T+ Sm@(n_x)+LSIH®(R+X)+—ZCOS(D(R—X)—
T 0 o)

17 _ 4 :
—%cosw(n + x)jdmz—j(@sm o(m—X) + —sino(m — X) — 6—nsm o(m+ X) +
® T 0 (O (O Q)
4 . 6 6
+—sinw(n + X) + — Co0Sw(1 — X)— — Cos(r + X) |do=
(&Y Q) ®

17(6m . 67 _ 4 4
:—J. —SINTOWCOSMX — —COSTOWSIN WX + —SIN TOWCOS®MX — —SIN MXCOSTM® —
TEO 0 ()] ® o

om . 61 ) 4 .
——SIN TOCOSOX — —COSTOSIN ®X + —SIN TT®COSWX +
o) o) o)

4 . 6 6 . :
+ —SIN ®XCOST® + —; COST®COS®X + —SIN T®SIN ®X —
® ® ®

6 6 . :
— —5 COSTWCOS®X + — Sin mwsin wx |do, 16 ®#0.
® ®
[Ticns copoineHHst otpumaemo noaanus ¢yHkii f(X) gepes iHTerpan @yp’e y
nivcHIi hopmi

47 3 : 2 . 3 . .

f(xX)=— || ——cosmt®sin ®X + —SiN T®COS®X + — SN T®SIN ®X [dw,

2
7T 0 () () @

e =0, X#=+m.
BinonoBian:

2
T Q)] Q)
0 Q)

hi(s co;tO, X #+7.

47 3 . 2 3 .
f(x):—j — —COST®SIN ®X + —SIN T®w COSWX + —SiN TSN ®X [dw,

Hpukaan 23. OyHKIIiIO

COSX, SIKIIIO | X|Sg;
f(x)=

0, ;IKLuo|X|>g,

nojatu iHTerpanom Oyp’e y AiiicHii Gopmi.
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Po3B’a3aHHA
3amana QyHKIIS 3a]J0BOJIBHSIE YMOBH iCHYBaHHs iHTerpaia dyp’e Ta € mapHOIO
(YHKITI€I0.
bynemo kopuctyBatuchk Gopmyoro (103).

2 +oo| 2 1 +oo| 2
f(x)== I Icostcosootdt cosmx dm == J' I(cos(l+ )t + cosl — o) )tdt {cosmx do =
T 7T
0| O 0] 0

N3

cosoX do =

== j (—S|n(1+ co)t+ism(l O))tj
1-o .

=—I(—sm(1+oo) +1ism(1 ®) jcoswxdoa:

©sin(1+ co) — osin(Ll+ ) X +sin(l— o)~ + osin(l- o)~
:—I L 2 cosox do =
l-o

1% 1 (T w (T ow
=— S| Sinf ~+—-o|+sinf ———o |+

T 01—(;) 2 2 2 2

T T . 7T 7T

+o[SIN| ——— |—=SIN| —+— || |cosox do =

( 53o)l330))

Q) W Tw Tw

((cos— + cos7j + co(cos7 — cos7ncoswx do.

OCTaTquo MaEMO:

27 1
f(x):—J. 2cosm)coswx do,
Tsl-o
0
T
e X;tJ_rE, OEN
+00
: : 2 1
BigmoBinan: f(x):—J ZCOSMDCOS@Xd(D,
Tel-o
0

T
e X;tiE, o=+]1.
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Hpuxnan 24. OyHKI1IIO
0, sgxmo —oo< X<1;
f(X)=9X, akmo —1<x<1;
0, axkmo 1< X< —oo,

noJiaTu y BUMIIAI iHTerpana Oyp’e y nilcHii Gopmi.

Po3B’s13aHH4

3amana (QyHKIS 3aJ0BOJIBHSIE  yYMOBHM IcCHYBaHHs iHTerpasia dyp’e Ta €
HenapHo (QyHKIiEro Ha TpoMikky [—1; 1].

Bbyaemo kopuctyBatuch Gopmyitoro (104).

2+°O 1 U :t, dU :dt
f(x):;J. J.tsmcotdt SINOXAO =1 4/ _ ginotdt; V =—- cosot |~

0 \0 0

+00 1 1
:g —icosoat +£J.cosoatdtjsinoaxdoa—

2 1 1 . ). 2% 1 1 . .
=— || ——cosw+— sin ot smooxdoo:—j ——C0S®+—Sin® sin oxdm,
Tyl O ® 0 Tyl O ™

me w0, x#1.

. . 2°¢( 1 1 . _
BignmoBings: f(X):—J. ——COS®+ —SIN® sin oxdw

T Q)
0 Q)

me =0, x=1.

3 Interpan @yp’e y KOMILJIEKCHil (popmi

Hexait ¢pynkuis f(X) nogana interpanom ®yp’e (99):

f(x)= if{ff (t) coso(t x)dt]dm .

—00 \ —00

CxopucraeMoch (HhOpMyIJI010
COSO)(t — X) = %(eim(t—x) n e_i@(t_x) )

Toni

f(x) = 4—1ch[ff ()€ + g0 )dt]d(o

—00 \ —00
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abo
1 +00( +00 1 +00( +00
- io(t—x) = —im(t—x)
f(x) 4n_j jf(t)e dt dco+4n.[ jf(t)e dt [dw.  (105)
PosrnssHemo npyruii 3 iHTerpaiiB rmpaBoi yacTUHH piBHOCTI (3.220)
| = j [ j f(t) e“"“”dt}dm: j [ j f (t)ei‘”tdt]ei‘”xdoa:
0 =—17, o 7 —o( +0w . '
_ o "o | |=- j I f (t)eZdt e Zdz =
do =-dz; —0 +oo +00\ —00
+0o0( +00 ] )
_ j j f(t)e?dz [-e"Pdz=
=, Z ) 00+ _ .
_ oo +oo - j j f (t)e'tdt e ¥ doo.
dz=dow; —00 —00 —0\ —©
[ToBepTarouuncsk 1o piHocTi (105), orprMaemo:
1 400 ( +00 1 400 +00
_ - iot —ioX - iot —ioX
f(x)_4n__[ _If(t)e dt e d@+4n_j _If(t)e dt le ¥ do,
3BIJIKH
1 +00( 400
_ =+ it —imX
fx)= j j f(t)e'tdt e dw. (106)

[aTerpan y mpaBiii 4yaCTHUHI HA3UBAETHCS iHmezpaiom Dyp’c y KOMIUICKCHIN
dopmi misa ¢pynkuii f(X), a popmyna (106) HasuBaeTbes possunennam @yuxyii f(X) B
iHTerpan Oyp’e y KOMILIEKCHIN (HopMi.

3AYBAXEHHS. V nporneci mepeTBopeHs OyJio MOKa3aHO, IO APYTUW 1HTErpal
piBHOCTI (105) MOXHa TpPHUBECTH [0 TAaKOrO X BUIISIAY, KM Ma€ MepUIMil 1HTerpa.
Mo>kHa 1 epiuii iHTerpai NpUBECTH 0 BUTIIALY, SIKUA Ma€ IPYTUid iHTerpai.

VY Takomy paszi OTpUMAEMO

+00( 400
_i —iot X
fx)= j j f (e tdt e doo. (107)

—00 \ —00
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[uterpan y mpaBiii uYacTHHI TaKOX Ha3WBaeTbca iHTerpaioMm Dyp’e vy
KoMIUIeKCHIN Qopmi, a popmymna (107) € posBunenHsm ¢ynkmii f(X) B iHTErpan
dyp’e y KOMIUIEKCHIN (popmi.

[Mpuxiaaam 10 nyHkry 3

Ipukaan 25. 3agano HenepioAUIHY (QYHKIIIIO
0, AKIO X< -—T,
f(X)=:6x+4, akmo —nt< X< T,
0, AKI0O X > T.
3uaiiTu inTerpan ®yp’e mist Gyt f(X) y kommiekcHiit Gopmi.
Po3B’a3aHHAa
3amana (yHKIS 3a70BOJIbHAE YMOBH iICHyBaHHs iHTerpana ®yp’e. bynemo
KOpUCTYBaTUCH moaanHsM (106)
17 ) i U=6t+4; dU=6dt
f)=o- [ | [teaetiatle™do=| (g __1 gy |=
—0O\—T Q)

+00 T T

R Iei‘”tdt e ' de =
21 ® o O
o .
+00 P
:i _6n+4iei0m+_6n+4ie—im+ieimt e—imxdw:
27‘5_ ) o) o2 .
+00
:i _6n+4ieiom+_6n+4ie—im+ieiwn_ie—im e—ioaxdo)’
2n_ ® o 02 02

ne =0, X=+m.
[Ticns copoineHHs otpuMaemo noaanus ¢yHkii f(X) gepes iHTerpan dyp’e y
KOMILJIEKCHIN GopMi

+00
F(x)= = [ [—6—“(&@“ perionyi & gion _giony;, 6 o —e—“M)je—‘@de,
27 0 o ®2
—0
ae o =0, X==+m.
Bix inTerpana ®@yp’e y KOMIUIEKCHIM (OpMi MOXXKHA TEPEUTH 0 IHTErpalia
dyp’e y aiiicHiN hopmi 1 HABMAKH.
[okaxemo, 1110 3HaieHni iHTerpan Pyp’e y KOMILUIEKCHIN Gopmi Moke OyTH npu-
BeJieHHi 10 iHTerpana @yp’e y aidicHii hopmi s i€l x GyHKil (auB. npukiaz 25).
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VY mporieci nepeTBopeHb OyaeMo KopucTyBaTtuch dhopmysamu Eitnepa, a came:
e'* =cosp+ising, 2cosp=¢'" +e7'*:
e =cosp—ising, 2isinp=e'® —e™;

f(x)zij(—G—RZiCOSmn+ﬂ25in om+£22isin conje‘i“’xdoo,
2712700 ® ® ®

ne o # 0.

f(x)= 2 I (— 3—nicoso;)n+ Esin O+ %isin con)(cosoax —isin wxX)dow,
T ® Q) (&Y

—0

ne o # 0.

2°¢( 3n. 3n . 2 .
f(x):—j — —1COS®TCOS®X — — COS® TTSIN ®X + —SIN ® TCOS®X —
T @ @ ()

4. . ) 3 .. 3 . )
— —isin @ 7SN wX + — 1SN ® TCOS®X + —;SIN ® 7TSIN WX do,
() w Q)

me o #0, X#=+7.
3anuiieMo OCTaHHIHM 1HTErpai y BUIIISIII CYMHU JBOX IHTETPaIIB

. +oo

2i 3n 2 . : 3 .

f(X)=—|| - —coswncoswX — —sin ®Sin wX + —sin ® tcoswx [dw +
T @ (V) Q)

+o0

2 T : 2 . 3 . )

+—J ——COS®mTSIN ®X + —SIN (DTCCOSCOX+—ZSII’1 o 7sin X [dow,
Tc—oo ® ® ®

e o # 0, X==+7.
O1xe, MacMo

+00
4 3n : 2 . . 3 .
f(X)=— I — —COS®TSIN WX + —SiN @ 7SN WX + —; Sin @ TCOSOX [do,
Ty Q) ™ ®
ae o # 0, X+ (HopiBHANTE 3 BIAMOBIIIIO 0 MPUKIALy 22).
Kopucryrouncs popmynamu Eitnepa orpumanuii pe3yibTaT MOXKHA MPUBECTH
110 BUTJISANY:

+00
f (x) _1 (—@(e‘m +eTiomy; —i(e‘“”c —eTlomyiy
27 ) 0

—00

+%(ei‘”“ —e‘i“’“)je‘i“’xdco.

Q)]

_6_7[ ei(mt +e_im)i—£(eim _e—inE)i+
()

l+oo
Binnosinp: f(X)=—
il it (X) 27:_J.( .

+ % (elom _ e—i(m‘t )je—imxdw’
@

new#0, X#=+m.
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HMpuxnan 26. Gyuxkuito f(X) 3amano rpadiuHo

y A [Tomatn ¢ynkmiro f(X) y Burmsai
iHTerpaina ®yp’e y KOMIUIEKCHIN dopmi.
2 I o Po3B’ga3aHHSA
3anuiieMo aHaJITUYHE 3aBIaHHS
: ,L ~ Qynxuii f(x):
0 ' \{ ' \Z x, 0, gakmo X<2;

f(X)=42, saxmo 2<x<4;
Pucynok no npuknany 26 0, skmo 4<X.

4
e Xy =
2

Bbynemo kopucrtyBatuchk dpopmysoro (106).

1 1r iot —imx 1+OO I iot
f(x)=2—n.|.U2e dt)e dm:EJ'L—ae
-0\ 2

—00

i 400 1 - ) -
- I (_(emm _GZI(DJ e_ldeO),
TE_OO ()

nmem#0, X2, X#4.

OTpI/IMaHI/II;’I BHpPa3 MOKHa CIIPOCTUTH:

. too
f(x) ! '[ l(cos4m+isin 4o —cos2m—isin 2m)e”' do =
T ()

R e
S i((cos4co— €0S20) +i(sin 4w —sin 2w))e ™" do =
TY ®
i +EO 1 .
=—— | =(-2sin3wsin ® + 2isin ®cos3w))e ' *dw =
T O
2i "¢ sin : 2" sin i
=2 [ ' %6in 30 —icos3m)e " *do =< j > (cos3m + isin 3o)e 1 do =
oo neoo
400 . +o0 |
_2 I SIN® _i3wg-ioxy,, _ 2 I SO iG-X)ogq
ﬂ:_oo ® ﬂ_oo ()
mewm=0, X2, x4,
OT1xe, MaeEMO
2" sin -
f(x)=— I 21O eiG-X0gy,
T Q)

—00
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+00

T (O]

—0o0

neow#0, X2, x+4.
4 IleperBopennss ®yp’e y aiicHin ¢popmi
Hexaii ¢ynkmis f(X) 3a10BoJIbHSE YMOBH 3a SIKHX BOHA MOXE OyTH IOJaHa

iaTerpamom dyp’e.
bynemo Buxoautu 3 popmyiu (97) ta 3anuieMo ii y BUTIISAII

+00 (400 +00( 400
F(x) =+ j j £ (t) cosotdt |cosmx do+ = j j f (t)sin otdt [sinox do.  (108)
T T
0 \~ 0 \—o
BBeaemo no3HaueHHs Jyisl BHYTPILIHIX 1HTETpaliB:
1
A(w) =—= | f(t)cosmtdt;
@)=1[f0
- (109)
17
B(w) =—= | f (t)sin otdt.
(w) e (t)
Banumremo dynkirito f(X) 3 ypaxyBaHHSIM IMX O3HAYCHb:
17 .
f(X)=—— j (A(®) COsmx + B(w)sin mx)do. (110)
Jn 0

®opmynu (109) Ta (110) Ha3UBAIOTECSA HPAMUM TA OOEPHEHUM NEPEMBOPEHHIM
@yp’e y nivicHiii hopmi.

®opmyina (110) mae possunenns ¢ynkuii f(X) Ha rapMOHIKH, 4acTOTH SKHUX
HETepepBHO 3MiHIOIOThCS Bil () 10 .

3aK0oH PO3MOAUTY aMIUTITYyJ Ta MOYaTKOBUX (a3 y 3ajekHOCTI BiJl 4aCTOTH

ormcyethes pyHkiisamu A(m) Ta B(w).

5. IleperBopennss ®yp’e 1y MaPHUX TA HeMAPHUX QYHKUIH

5.1 Kocunyc-neperBopenns ®yp’e

Hexait pynkuis f(x), mo nogana popmynamu (101), € mapHoto QyHKIIIETO.
VY takomy pasi B(w) = 0 sk inTerpan Bix HemapHOi GYHKIIIT 3 CHMETPUUHUMHU
Mexamu inTerpyBanus. [Ipu 1ibomy nepetBoperns Oyp’e HaOyBae BUIIIS LY
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0 (111)

Ta HA3UBAETHCS MPSIMUM Ta OOEPHEHUM KOCUHYC-TIepeTBOpeHHsIM Dyp’€ BIAIOBIIHO.

5.2 Cunyc-neperBopeHns ®yp’e

Hexait dynkiis f(X), mo nogana ¢popmysnamu (101) € HemapHoo QyHKIiew. Y
takomy pa3i A(w) =0 sk inTerpan Bij HenmapHOi QYHKIT Y CHMETPUYHHIX MEKaX.
[Tpu ubomy neperBopensst Pyp’e HaOyBae BUTISAAY

0 (112)

Ta HA3UBAETHCS NPSIMUM Ta OOEPHEHUM CUHYC-TIEpeTBOpPEHHSIM DPyp’€e BIANIOBIIHO.

Ipuknaaau 10 NyHKTIB 4 — 5

Ipukaan 27. 3agano HenepioAUIHY (HYHKITIFO

0, AKIO X< -—T,

f(X)=:6x+4, akmo — < X< T,

0, AKIO T < X.

3HaiiTu mipsime Ta obepHeHe mepeTrBopeHHss Dyp’e y mivicHIA dopmi IS 1i€d
(dyHKITI.

Po3B’si3aHHA
3anana (QyHKIIIs 3aT0BOJIbHSIE YMOBH ICHYBaHHs iHTerpana Oyp’e.
[psime Ta obepHene neperBopeHHs Pyp’e Oyaemo mrykatu 3a hopmynamu (109).

A(w) = % j f (t)cosmtdt, B(wm) = % j f (t)sin otdt,

U=6t+4  dU =6dt

+7
1
A(w) ~Jn I(Gt tA)cosotdt =) g\, cosomtdt; V = sinot |~
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1(6t+4 . | 67.
=—— sinot| —— |sinotdt |=
\/E ® - (DJ.
-7
_1 6n+4sinmn+ﬂsinwn+£coswtn ———Slncmc
\/E ® ® 0)2 \/_CO
new#0, Xx#=+m.

1 +T U =6t +4, dU =6dt
B(m):ﬁf(6t+4)smmtdt: dV =sinotdt; V =-Lcosot |
_ (V)

1| 6t+4 B
= — cosot| +— |coswtdt |=
0t feow
1| 6n+4 —6n+4 6 . |"
= — COSm T+ COS® T+ —5 Sin ot =
\/E Q) ® (Y -7
—i —12—ncosoon+Esinoon)
\/E (O] 602 ’

ae o # 0, X#=+m.
[MincraBnsiemo A(w) ta B(w) y dpopmyny (110), maemo

A(w) =
W\ T
12 1 .
IB(w) = —TCOS® T+ —SiN ® 7);
() \/_( TCOSM T . ® )
f(x)= I ——=SIN ® TCOSOX+ ——= 12 (- nCOSom+lsmcon)smoax do,
Vi 3 oV o ®

S

new#0, Xx#+m.

3AYBAXEHHSA. Skmo npoBectw AesiKi COPOIUIEHHS B OCTaHHIM ¢GopMmymi, TO
orpumaemo iHterpan ®dyp’e mnsa 3amanoi QyHkuii y giiicHiit ¢opmi. I[lopiBusiite 3
PO3B’SI3KOM MIpUKIady 25.

BiagnnmoBias:

Alo) =
OV T
B(w) = O)lj_ (—mcosom+ %sin ®7);
1 . :
f(x)= 7 I[mJ— (o\/E (—-mcosom+ asm ®m)Sin (ijdw

new#0, X#=+m.
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Mpuxnan 28. 3uaiitin neperBopeHHs Oyp’e y aiicHIN Gpopmi st GyHKITT

T
0, SKI0 X<——;
a

. TT T
f (X)=<sinax, skmo ——<X<=;
a a

T
0, SKII0 — < X.
a

Po3B’si3auu4g.

a a

3aJI0BOJIbHSIE YMOBHU iCHYBaHHs iHTerpaga ®dyp’e. BymeMo ImykaTh HepeTBOPCHHS
dyp’e 3a popmynamu (112).

TT
2

Fs () = \E.[sin atsin otdt = %\E
0

1 g(sin(a —o)t _sin(a+ oa)tj
a—o a+o

: : T. T :
3amana (QyHKIS Ha MPOMIKKY [——;—} € HemapHoK (QYHKIEIO Ta

(cos(@— m)t —cos(@+ wt)) dt =

O ey V)3

T
2_

2\

0

. TTO®
) L)) iy
2Vrla-o a) a+o a V2rn(a? - 0?)’

T
e o #ta, X#+—.
a

O1xe, MacMo

. T
5 asm?
FS(O‘)): e 2 2.’
T(a® - o)
+00
f(x):zaj 21 5Sin O)Sinoaxd(o,
e 0 a—ow a

T
Je o #xta, X+t —.
a
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BignonoBinan:

asm—
Fs(0) = \/7

f(x)=%aJ‘ 21 2sm@sinmxdm,

— a
Oa ()

T
Jae o #xfa, X+t —.
a

Hpukaan 29. 3uaiitu kocunyc-neperBopeHHs Dyp’e ang GyHKil
akmo 0<x<2;

f(x)=
() {O, SKIO 2 <X

Po3B’sa13aHH4
Ockinbku 3a1aHa (QYHKIISI BU3HaUeHa HAa TPOMDKKY [0; + 00) , MPOIOBKUMO IIF0

GbyHKIO y MapHuid crmocid Ha mpoMikok (—oo; 0). OTpumaHa QyHKIIS 3a10BOJIbHSIE

2
:E\/Zsiano,
g OVT

2400 .
f(x):( E) jsmzmcoswxdm.

YMOBH ICHYBaHHS iHTerpana Oyp’e.
bynemo kopucryBatuchk popmyiaamu (111):

F. (o) = \/7J‘3003mtdt_\/: —sin ot

mem#0, x#2.
Tomi

Q)

O1xe, MacMo

Fc(oa):i\/zsin 20;

OVT

f(x)=E j > 260coswxdo),
T 0 Q)

nmem#0, x#2.
BignoBian:

F.(0) = %\ESin 20,

fx)=2 j SN 20 ¢ s eoxdo,
) Q)

new#0, X#2.
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6 IleperBopennss ®yp’e y kKoMIJieKCHii ¢opmi

Hexali ¢ynkuis f(X) 3a10BONbHSE YMOBH, 3a SKHX BOHA MOXe OyTH
nojaHa iHTerpajgom Oyp’e.
Bbynemo Buxonutu 3 popmynu (3.221) Ta 3anuiemMo ii y BUTIIAIL:

F(0) = % j f (e dt;
e (113)

£(x) :% [F(@e ™ do.

@opmynu (113) Ha3uBaOTBCA BIANOBIAHO HpAMUM MA 0OEepPHEHUM
nepemeopenuam Dyp’ec y KOMIUIEKCHIN Gopmi.

PosrnsaemMo aeski ocobauBocTi mepeTBopeHHs Dyp’e:

1. Sxmo mnopiBHATH nepuy Ta Apyry dopmymu (113), To MoxHa
MOMITHUTH, IO i POPMYIH MaIOTh CXO0XKY CTPYKTYpPY, ajie¢ HEBIACHUI 1HTETpal
3 nepmoi (GopMynu 30IraeTbCsi y 3BUYAWHOMY pO3YyMIHHI, a HEBJIACHUU
iHTerpan 3 Apyroi GopMmyiau 30ira€ThCs y pO3yMiHHI TOJIOBHUX 3HayeHb. Jlo
Toro x nepiry 3 Gopmyin (113) MoskHa po3yMiTH SIK Bu3HaYeHHS PyHkuid F(w),
a npyra 3 ¢opmyn (113) sBnse coboro momanHs iHTerpana Oyp’e B 1HIIOMY
Burisial. Lro popmynny MoxkHa po3riiauatu ik TBEpKEHHS, 10 3a OAHUX 1 THX
camux 3HadYeHb x ¢yHKMis f(X) Ta iHTErpanm 3 TpaBOi YacTUHU (QopMynH
301ra€ThCA.

2. Sxmo ¢ynkmis f(xX) € abComrOTHO I1HTETPOBHOK (PYHKIIIE, TO
dyskiias F(ow) € oOMekeHO HemepepBHOIO (YHKINEIO, SKa MPIMYE J0 HYJIS,
KOJIH |®| — .

3. IleperBopenns dyp’e F(w) € miHIHEM omepaTropoMm, TOOTO s
Oyab-IKUX A1, A2

FOufi+0, 1) =0F(f) +A,F(f,).

Axkmo A — 1ue aiHIAHUK omepatop, TO JJisi BUKOPUCTaHHS I1[bOTO
oreparopa BaKJIMBO 3HATH MOTo BiacHi (GyHKIII1, ToOTO Taki QyHKIIT ¢, m0 A
= \O.

Brnacanmu gyskiisimu neperBopennst Oyp’e € GyHkmii

X2

Pn(X) =, (x)e 2,
ne®,(X) — MHOrOWIeHH cremianbHoro Buay N = 1; 2; 3; ... . Taki dyskmii

HA3UBAEThCA Qyukyiamu Epmima.
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Axmo fi(t) Ta f(t) — BmacHl ¢yHkiii neperBopeHHs Dyp’e, sKki €
IHTEIPOBHUMHU Y iHTEpBai (—o0; +00), TO CIPaBEUIMBOIO € PIBHICTh

f(x) =Tf1(r) f,(x - 1)dt,

npu upomy (GyHkUis f(X) Hasueaemuvcs 320pmkoro 1 no3HavaeTbes sk fy = f, ado

f1 o f, Jlna neperBopenHss Pyp’e cripaBeJIMBOIO € PIBHICTD
F(f,* f,)=F(f)F(f,).

IMpuxiaaam 10 nyHKTy 6

Hpukaang 30. 3naiitu iHTerpanpHe neperBopeHHs Dyp’e y KOMILIEKCHIM
dbopwmi mnst hyHKIi
0, skmo X<-1;
f(x)=<1, skmo —1<x<1,
0, sxmo 1< X.
Po3B’si3aHHA

3anaHa QyHKIIIS 3a]I0BOJIBHSIE YMOBH, 32 AKUX 1CHY€ iHTerpan dyp’e.

bynemo kopucryBaruchk popmyiaamu (113).
1

1 ) )
1 i 1 I 1 I, _j -
F o) = —— e—lwtdt:_._e—lmt ——— _._(e I(D_eI(D .
@ el T
Tomi
i +°°e—iw eiw )
f(x)= 2— e'“dw,
T [0)
me o # 0, x==+1.
OT1xe, MaeEMO
F((D) — I (e—I(D eI(D) :
o\ 2T
T _jn io
Fx)=— [ S—=% eloxge,
T o)
me o =0, Xx#=x1.
BigonoBian:
F((D):O) Izn (e—im_eim);
s TP —ie e
f(x):zL j € 7% gloxgy,
T o)

ne o #0, x#=+1.
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Hpuxknax 31. 3naiitu neperBopeHHs Dyp’e y KOMIUIEKCHIN ¢opmi s
byHKIii

kx

3, dakmo -0<X<O0;
f(x)=
e, gkmo 0 < X < +oo,

Po3B’da3aHHA
3amana QyHKIIIS 33J0BOJIbHSIE YMOBH iICHyBaHHS iHTErpana Oyp’e.
Bbyaemo kopucryBaTtich Gpopmynamu (113):

1 ° —Kt.—iot 1 " ~t(k+io) 1 e—t(k+ico)‘°°
F(w)=,|—|e e dt=—+|e dt =- - =
(w) 27:-([ \/E_([ V2 k+io ‘0
I SRR S
V2n(k+io) et+io)|  2n(k+io)
Tomi
+00
f(@):i L gioxgy,
27t_ K+io
OT1xe, MaeEMO
1
F(o)=—;
(©) V2r(k +io)
f(x):i i_e‘“’*doo,
2n_wk+|(o
e X=0.
BignonoBian:
1
Flo)=——;
() V2r(k +im)
1% 1
f(xX)=— | ——e""do,
2n J k+io

me X#0.

7 CnekTpajbHi XapaKTepUCTHKHU iHTerpana dyp’e

VY enexTpoTeXHIYHUX Kypcax MmpsiMe Ta ooepHeHe rnepeTBopeHHst Dyp’e 10CUTh
4acTO PO3IJIAIAl0Th Y TAKOMY BUTJISIJIIL:
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S () :% [ f@eat
. (114)

F(x) :% [S(@)e do.

®Oyukiis S(w) Ha3UBAETBCI cnekmpanvholo gyukyicio inmeepaira Pyp’e adbo
CNeKmpanbHOK WITbHICMIO.

Moaynb crekrpanbHoi (yHKIT |S(®)| Ha3HBAETHCS aMILTITYIHO-4aCTOTHUM
cnekTpoM iHTerpana @yp’e (puc. 15).

>

IS()!]

Y

Pucynok 15

Kpazpar mMomyns cnexTpanbHoi (GyHKii |S(m)|? HasuBaeThes cnexmpanvbroio
winvHicmio enepeii ab0 cnekmpom enepeii.

HopwmaiizoBaHoto eHepriero E iHTerpaiga dyp’e Ha3MBAETLCS maxa enepeis,
KA BUBHAYAIOMbCSL eHepaieto, MO poscitoembesi cmpymom f(X), sskuit mpoTikae yepes

ormip B 1 Om.
HopwmanizoBaHna eHeprist £ 3HaX0UTHCS 32 (POPMYJIOFO:
+00 +00
E= j f2(x)dx = I\S(m)\zdm. (115)

®Oynkmis O(®) Ha3wBaeTbes (Pa3oBUM crHekTpoM iHTerpana dyp’e (puc. 16).

dazoBuil CIIEKTP BU3HAYAETHCS (DOPMYIIOIO
d(w) =—arg S(m)
abo
d(w) = —arctgm :
U(o)
ne U(w)=ReS(m),V(0)=ImS(m).
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d(w)

Y

Pucynok 16

I'padiku amrmritygaoro crekrpa |S(w)| ta ¢asoBoro cmektpa ®(w) s

inTerpana ®dyp’e ABIAIOT, CcO00H OOBIAHI 10 BIAMOBIIHUX CIEKTPaIbHUX
xapakTepuctuk psagy dyp’e.

CriekTpalibHI XapaKTepUCTUKH 1HTerpasia Dyp’e BiAIrparoTh 3HAYHY POJIb Y
TEOpii CUTHAJIIB.

Panu @yp’e Ta 1iXHI CHEKTpalibHI XapaKTEPUCTUKH SBISIOTH COOOIO0
MaTeMaTU4YHy MOJIENb I€TEPMIHOBAHUX NEPIOJUYHUX CUTHAIB.

Interpan ®dyp’e Ta HOro CHEKTpaidbHI XapaKTEPUCTUKH SIBISIIOTH COOOIO
MaTeMaTU4YHy MOJIEJIb IETEPMIHOBAHUX HEMEPIOAUYHUX CUTHAIIB.

Hocuth yacto uwacoBe momanHs f(t) curHama OyBae CKIaaHUM, a HOTro
CHeKTpaiibHa QYHKINA S(®) Moke OyTH 3HAYHO MPOCTIIIOKO.

Jlo Toro x , CHeKTpaJibHE MOJAHHS CUTHAJIB J1a€ MOXKJIMBICTH MPOBOAUTH
aHa3 TPOXOJKEHHS CHUTHANIB 4Yepe3 MIMPOKUM KJIac eJIeKTPOTEXHIYHUX,
PaIlOTEXHIYHUX KT Ta CUCTEM.

IMpuxaaam 10 nyHkry 7

Hpuxnan 32. 3naiiti ciektpanbHy QyHKI0 iHTerpana Oyp’e mia GyHkii
0, axkmo X<-1
f(X)=<X%, axkmo —-1<x<1;
0, axmo 1<X.

Po3B’a3aHHu4
3anana (QyHKIIIs 3aJ0BOJIbHSIE YMOBH ICHYBaHHs iHTerpana Oyp’e.

Kopucryemoch popmyioro

S(0) :% j f(t)e "tdt:
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U =t; dU =dt

dV e oldt; V=Lt |

+
S(0) = j te 1t =
-1 o

1t il P 1[0 e -
| =l felgt = =] —e T+ —e' "+ —e”
\/2_7'5 ® 1 (D{ \/ﬂ w ® i0)2
1

J2rn

l(e—ico+eim)+%(e—im_eiw)j.
Q)

(Q)

S(w) = %('5 (e 1+ e'®) +é(e_i‘° —ei“’)j ,

BinnoBins: S(CO):%(L(e_iw+eim)+%(e_im—eim)j,
T\ O o

me o # 0, x=#=+1.

ne o # 0, x==+1.

Mpuxnan 33. 3HaiTH CHEKTpadbHy MIUIBHICTH y
MPSMOKYTHOTO  HEMEpPIOAUYHOI0  BiJICOIMITYJIbCA, e

3a1aHoro rpadiyHo
Po3B’s13aHu4d

1 2 !
S(0) =—— | Ae"dt. a >
() VZﬁ‘[ T 0 T X
2 2 2
S(0) = A L oot 2 _ Ai (efi(o%_ i(o%): Pucynok no mpukiamy 33
\/2_7C ® _% \/2_7'50)
= A (COS—T—ISIHE—COSE—ISIHEJ 2Ai Slnglj
\ 2T 2 2 2 \27To
nme o =0, X¢+g
2A . ot
Bigmosiae: S(w)= sin—,
(©) 2T 2

T
me =0, X;tiE.

Hpukaang 34. 3HailTH CcHEKTpaidbHI XapaKTEPUCTUKUA HENEePIOJUYHOIrO

IMITyJIbCa
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0, sgxmo t<O0;

t, sgaxmo O0<t<l
2—t,axkmo 1<t<?2;
0, saxmo 2<t.

f(x)=

Po3B’a3aHHu4
1. 3HaxoAMMO CIIEKTpaJIbHY IIIJIbHICTD:

S(w) = %[ [tetat | (2—t)ei‘”tdt}

1 ot U=t dU =dt it 'tl i1 .
I :Ite_'“) dt = i i it |[=—e7'? je"(” dt=
1 dv=edt; v=—e |7, ; ®
0 w 0
i o 1 et
S +—2e_"’°t =—(cosm—isinw)+
® ® v O
1, o [ 1. 1
+— (7" —1)=—cosw+ —sin o+ —-Cosm —
Q) ® Q) ®
i 1 1 . 1 1 (1 1 . _
——Sinw—— = =sino+—Ccosw—— |+ —COsw——Sinw |;
® Q) Q) Q) Q) Q) (0

2

i i
dv =e "dt; v =—g '@ o

2 _ U=2-t; dU =—dt o _
|2 _j(z_t)el(x)tdt_[ : ]: |(2 t) e—l(x)t
()]

_j 1, o i I ..

o) 2i i

e’ —— (7" -e?)=——(coso—isinw)—
Q)] Q)]

—iz(cosZoa— ISin 2m) + iz(cosw— Isin®) =
@ @

. 1 1 (1 1 . 1 .
= ——S|nm——20032co+—2003m +1 ——cosco+—23|n2o)——23|noo )
() ()] ()] (V) ()] ()}

Tomi

2¢0sm — C0S20 — 1) + i(Sin 20 — 2sin o).

S(m)=ﬁ((

2. 3HaXOAUMO aMIUTITy THUN CIIEKTP ‘S(co)‘ :

Criouatky 3HalaeMO ‘S(w)‘z :

21-|S () zé(ZCOS(J)—COSZw—l)Z + é(sin 20— 2sin o) =
:i(4coszco+cos2 20 +1+5sin% 2 +

4
()




+ 4sin? m — 4C0S ®COS 20 — 4COS ® + 2C0S 20 —

—4sin 0sin 2m) = i4(6 +8C0sm + 2¢c0S2m) =
Q)
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:%(cosz ®—sin® m — 4cosm + 3) :%(Zcos2 ®—4cosm+2) =
®

Q)]
4 2 4 2.
=—;(cos” —2cosm +1) =—(1-cosw)”;
() Q)
2 2 2 2 8 . 40
‘S(co)‘ = —4(1— cosm)’, ‘S((o)‘ =—,sin" .
W T 2
3BiacH
225in? ©
S(w) =———5%.
S -—
[ToGymyemo rpadik GyHkmii |S(w)|.
3 5 7
® 0 g T %C 27 %C 3n 771 47t
IS(w)] | 0,39 | 0,32 | 0,16 | 0,04 0 0,01 | 0,02 | 0,01 0
3. 3naxoaumo pa3zoBUil CIEKTP
D () =—arg S(w);
abo d(w) =—arctg ImS(e) :
ReS(w)
O(0) = —arctg Sin2m — 2sin® — _arcig 2SIN ®CoSm — 22|n o _
2C0S® — C0S2m —1 2C0S® — 2C0S” ®
= —arctg 2sino(coso—1) _ arctg(tg o) .
—2c0osm(cosm—1)
[S(@)] A
\/\/—_0’39\/—\/
—4n  -3n 2 T 0 n 21 3n An o

Pucynok 1 no npuknany 34
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Sk BiOMO,

arctg(tg ) = ® — N7, K110 we(nn—g; nn+gj, neZ.

Otxe,

®(w) = ®— N7, K10 me(nn—g;nn+gj,nez.

Dd(w) A

|
'

S Sk e EEEEEEEEES
|

Pucynok 2 no npuknany 34

Y
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KOHTPOJIBHI 3AIIMTAHHSA

1. II{o Ha3uBaETHCA CKAIAPHUM JOOYTKOM (DYHKITIH?

2. l1lo Ha3uBa€eTbCsI HOPMOIO QYHKIIIT?

3. 3a sgkux ymMoB cucTteMa (DYHKIIIi Ha3WBAE€THCS OPTOTOHAIBHOIO CHCTEMOIO
byHKITIH?

4. 3a skuX yMOB cucTteMa (YHKIIA HA3UBAETHCS HOPMOBAHOIO CHUCTEMOIO
GhyHKINH?

5. 3a sgKuxX yMOB cucteMa (yHKIIH Ha3UBAETHCS OPTOHOPMOBAHOIO CHCTEMOIO
byskuiin? HaBeaiTh MpUKIaad OPTOTOHATBHOI CUCTEMH (DYHKIIIH.

6. CchopmymrotiTe yMOBH pO3BUHEHHS (DYHKIIIN Y TPUTOHOMETpUUHHIA psifg Dyp’e.

7. Cdopmymoiite 0cobauMBOCTI po3BUHEHHS y psin Dyp’e mnepioguuHux
(YHKITIH.

8. Cdopmymroiite 0coOIMBOCTI po3BUHEHHS y psiag DPyp’e HemepiogudaHUX
(yHKITIH.

9. Chopmymtoiite oco0nuBOCTI po3BUHEHHS Y psia Dyp’e mapHUX QyHKIIIH.

10. Chopmyitoiite 0coOTUBOCTI po3BUHEHHS y pall Pyp’e HemapHUX QYHKIIIH.

11. Cdopmymroiite ocobmuBocTi po3BuHeHHA y psaag Dyp’e dyskmii 1o
KOCHHYCaX.

12. Cdopmymoiite 0cobmuBOCTI po3BuHeHHS y psag Dyp’e PyHkmii mo
CHUHYCax.

13. 3anumrite psag Oyp’e y TpUroHOMETpUYHIM hopmi Ta HOTO KOEDIIIEHTH.

14. 3anumrite psag Oyp’e y KoMIuieKcHiH (Gopmi Ta HOTo KoepimieHTH.

15. Skwuit 3B’430K icCHYy€e MK Koe(dillleHTaMu TpUroHoMeTpudHoro psany dyp’e
Ta KoedimieHTamu pany Pyp’e y KOMITIEKCHIA GopMmi.

16. ChopmynroiiTe cCrieKTpaabHl XapaKTEPUCTUKHA TPUTOHOMETPUYHOTO PSTy
dyp’e.

17. ChopmymroiiTe CrieKTpalibHI XapaKTEPUCTUKU Y KOMIUIEKCHIN (opMi.

18. JloctaTHi 03Haku po3BUHEHHS QyHKUIT y psin Dyp’e.

19. SIxa ¢pyHKIIS HA3UBAETHCA IIAJIKOIO HA 3aJaHOMY CEIrMEHTI?

20. OcobnuBocTi po3BuHEHHA y psag Dyp’e QpyHKIIIl, BU3HAUEHOT HA CErMEHTI
[a; a + 2x].

22. ChopmyioiiTe CIEeKTpalibHI XapaKTEPUCTUKU psiny Dyp’e y KOMIUIEKCHIN
dbopmi.

23. ChopmymroiiTe ymMmoBH po3BuHEHHS GyHKIIT B iHTerpan dyp’e.

24. ChopmymiolTe CIIeKTpalibHI XapakTepucTuku iHTerpana dyp’e y mificHin
dbopmi.

25. CdopmynoiiTe CHEKTpalibHI XapakTEPUCTHKU 1HTerpana @Dyp’e y
KOMILTIEKCHIH (opmi.
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IIEPEBIPHI TECTH

Ne 1. 3apano pyHKIil ¢, (X) =SiN16X, ¢,(X) =cos48X .
jsin 16x - cos48xdx = A.

Ske 3 TBCPIKCHD € CIIPaBCAJINBHUM:

1) A =64,
2) A =128m;
3)A4=0;

4) iH11a BIMIOBIIb?
Ne 2. 3apano pyHkuii ¢, (X) =sin14mx ta ¢, (X)=sin 50mXx.
€
Isin14mx -sin50wxdx = A, e e= T
®

—€

Slke 3 TBCPIKCHD € CIIPaBCAJINBHUM:

1) A=m;
2) A =0;
3) A = 64r;

4) iH11a B1AMOBI/Ib?

Ne 3. 3amgano ¢pyHkiiro @(X)=C0s12X.

SIke 3 TBEp/UKCHB € CIpaBeJIMBUM: Ha CerMeHTi [—7; mt] Hopma GyHKii ¢(X)
JIOPIBHIOE

1)Jr;

2) 2T,

3)0;

4) iHII1a BiAMOBIb?

Ne 4, 3amano pyHkIiro @(X) =Ssin % .

SIke 3 TBEp/UKEHDb € CIpPaBEIJIUBUM: Ha CerMeHTi [-7; 1] Hopma ¢yHKiT @(X)

JIOPIBHIOE

1) —;

L
15
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2
2) —;
) 15

3) Jr;

4) iHIIa BiAMOBIIb?

Ne 5. 3agano QyHkii

@, (X) =sin 7x; @,(X) =%sin 7X; 3(X) =~/Trsin 7x; ¢, (x) = %sin 7X;
7T

¢5(X) =7siN 7X; g (X) =77sin 7x.
SIke 3 TBEp/IKEHb € CIPABEAIUBUM:
HopmoBaHoto € QyHKILis

1) @3(x);
2) ¢4(X);
3) ¢1(X);
4) iH111a BIJTIOBIIb?

Ne6.Ha mpomikky (—m;, m) dymkuito f(X)=x® posBuHeHO Y
TpUrOHOMETpUYHHU psin Dyp’e.
Ske 3 TBEpKEHD € CIIPABEIJIMBUM:

1
1) ao=§?
2) a, = n°;
2
7T
3) ag=—
) & 3

4) iHI11a B1AMOBIIb?

Ne7.Ha mpomikky (-m; =) dymkmio  f(X)=x®  posBuHeno y
TpuroHomeTpuunuii psig Oyp’e.

SIke 3 TBEpKCHbD € CITPABEIJIMBUM:

1) m;

2) n3;

3) 0;

4) iHII1a BiAMOBIb?
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Ne 8. Ha mpomikky (—m; m) oyekmito  f(X)=X®  pO3BHHEHO y
TpuroHoMmeTpuuHui psaa dyp’e.

SIke 3 TBEpIKEHB € CIIPABEIITUBUM:

1) a, =—4sin x;

2) a, =—4C0S X;

3) a1 =0;

4) iHIIa BiAMOBIAb?

Ne9.Ha mpomikky (—m; n) dynkmio  f(X)=x>  posBuHeHO Yy
TPUTOHOMETpUYHMM psan Dyp’e.
SIke 3 TBEPIKEHD € CIPABEAITNBUM:

1) a, =sin®x;
2) a, =—-12(6 — n°)sin x;
3) a, = 25(4 + n°)CoS X ;

4) iH11a BITIOBIIb?

Ne 10. Ha  mpomikky (—m; m) ¢ynkuito f(X)=coSo po3BuUHEHO Yy
TPUTOHOMETpUYHUM psan Dyp’e.
SIke 3 TBEpKEHB € CIPABEIIUBHUM:

1) isin T,
o

2) lcosom;
™oL

3) 0;

4) iHI11a BiAMOBIIb?

Ne 11. Ha npomikky (0; 1) dynkrmito f(X) po3BHHEHO y TPUTOHOMETPHUUHUIA

pan dyp’e.
SIke 3 TBEpIKEHDb € CIIPABEIJIMBUM:
1) a, =1;
2) ag=2;
3) a, =m;

4) iH11a BIATIOBIIb?
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Ne 12. OyHK11i10
—X, —-m<Xx<0;
(x) = T <
0, O<x<m

PO3BUHEHO y TPUTOHOMETPUUHUM psij Dyp’e.
Ske 3 TBEpJKEHD € CIIPABEIJIMBUM:

1) a, =4n;
T
3) a,=m;

4) iH111a BIJTIOBIIb?

Ne 13. OynkiI1io
—-X, —-m<x<0;
f(x)= "
0, O<x<m

PO3BUHEHO y TpUroHoMeTpuuHui psia dyp’e.
SIKe 3 TBEpIKEHbD € CIIPaBEIINBUM:

T
1) 3-1:_5;
2) alz—g;
1
3) a =-m,

4) iH111a BIJTIOBIIH?

Ne 14, OynKIi0

1 0<x<m;
f(X): <7
-1 n<x<2m

PO3BUHEHO y KOMIUIEKCHUH psin Dyp’e.
SIke 3 TBEpIKEHDb € CIIPABEIJIMBUM:
1

1) c, :a(Ze‘?’"i — e —1);
2) ¢, = 6rc(e‘3’Ei —e™™ +1);
3) 0;

4) iHII1a BiAMOBIb?

Ne 15, @ywkmiro f(X)=X Ha mOpOMiKKY (-7, 7T) PO3BHHEHO Y

TpUroHOMETpUUHU psin Dyp’e.
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Sxke 3 TBEPIKCHD € CIIPAaBCAJINBHUM:

1) a, =hy;
2) a, =3b,;
3) b, =3a,;

4) iH1Ia BiAMOBIIb?

Ne 16. @ynkmiro f(X) =4+ 6X po3BuHEHO Y TpuroHoMeTpudHHiA psi Dyp’e.

Ske 3 TBCPIKCHDB € CIIPaBCAJINBHUM:

1
1) by =——;
T
1
2) b, ==
T
3) b, =0;

4) iH11a BIJTIOBIIb?

Ne 17. @ynkmiro f (X) =4+ 6X po3BUHEHO Y TpUroHOMeTpudHHIA psi Dyp’e.

SIxe 3 TBEPIKCHD € CITPAaBCAJINBHUM:

1) a,, =16m;
i
2) a,, =—;
) Ay 2
3) a,, =0;

4) iHI11a BiAMIOBIIb?

Ne 18. ®dynkmiro f(X) =2(2 + 3X) po3BUHEHO Y KOMITICKCHHN psig Dyp’e.

SIxe 3 TBEPIKCHD € CITPAaBCAJINBHUM:

1) ¢g =1;
2) Cc, =6i;
3) ¢, =0;

4) iHII1a BiAMOBIb?

—2X, 0O — <XSO,
Ne 19. Oynkuiro f(X):{ 3x ;Kmmo g<x<n

PO3BHHEHO y TPUTOHOMETpHUHU# psim Dyp’e Ta 3HaKACHO cymy psimy S(X).
SIke 3 TBEpIKEHDb € CIIPABEIJIMBUM:
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1) s<n)=5§;
2) S(n)zén;
3) S(n) =2n:

4) iH111a BIJTIOBIIb?

Ne 20. ®dynukmio f(X) = X po3BHHEHO y TpuUroHoMeTpu4yHud psg Dyp’e Ha
OPOMIXKY [—T; Tt].

SIKe 3 TBEPKEHD € CITPABETUBHM:

1) a, +a, +a5 =12,

2) a, +a, +a5 =0;

3)a,+a, +a; =4,

4) iH111a BIJTIOBIIb?

Ne 21, Oyukuito f(X) po3BuHEHO Yy TpUrOHOMETpUUHUN psinx Dyp’e Ha
OpOMIXKY [—T; 7t].
SIke 3 TBEpKEHD € CITPABEITUBHM:

2
1) bszg;
3
2) b5:g;
3) by, =1;

4) iH11a B1AMOBI/Ib?

Ne 22. @ywnxaito f(X) = 10 — X po3BuHEHO y TpUroHoMeTpu4HUH psin Dyp’e Ha
npomixky (5; 15).
SIke 3 TBEP/IIKEHb € CIPABEITUBUM:

5

1) by =—;
) be =
3

2) by =—;
) be =
oSm

3) by =—;
) be ==

4) iH111a BIJTIOBIIb?
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Ne 23, ®ynukiio f(X) = 2X po3BuHEHO y TpuroHomerpuunuii psg dyp’e Ha
npomixky (0; 1).

SIke 3 TBEP/IXKEHD € CIPABEIITUBUM:

2
1) b,=—;
) b 3
2
2) by=——;
) b 3
2

4) iH111a BIJTIOBIIB?

Ne 24, OynKIIIIO
1 O0<x<5
£(x) = SIKIIIO
0, axkmo 5< X < 7,

PO3BUHEHO Yy TpUTOHOMETPUYHUM psi Dyp’e o0 KOCUHYyCaX.
SIke 3 TBEpIKEHD € CIIPaBEIJINBUM:

1
1) a,=—;
) 4y o
sin 20
2) a, = X
) 4 o
3) a, =sin 20,

4) iH11a B1AMOBI/Ib?

Ne 25. Kocunycoiny 3 aMILTITy010 ig Ta TiepiogoM 7' = 27, 0 3pi3aHa BiCCIO
Ox, pO3BUHEHO Y TPUTOHOMETpUYHUX psia Dyp’e.
SIxe 3 TBEPIKEHB € CIIPABEITTNBUM:

1) a, :lio;
T

2) a5 =iy;

3) aozi;
7T

4) iHII1a BiAMOBIAB?
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TPEHYBAJIbHI BIIPABU

1. dyukunirw f(X), 3agany Ha cermenTax [a; b] Ta [c; d]:

1) poskmactu y tpuroHomerpuuHuii psim dyp’e Ha cermenti [a; b] Ta Ha
cermenri [C; d];

2) poskiactu y psag @yp’e mo kocuHycax Ha cermenTi [0; b] abo [a; 0];

3) posknactu y psg @yp’e mo cunycax Ha cermenti [0; b] abo [a; 0].

Ne (x) a b c d
BaplaHTa
1.01 3y 0 - 2 3
4
1.02 1-X 0 T 2 4
2 2
T
103 X2 +1 O Z —1 1
X
1.04 2+ 0 o 1 3
1.05 1—x 0 T 1 6
3
X
1.06 S+l x 0 3 4
X
1.07 3 0 3n 2 5
2 T
1.08 1+=x —= 0 -2 2
3 2
1.09 142X on 0 2 6
1.10 X2 T 0 2 1
2 4
T
1.11 4+ 3 0 2 2
T
1.12 1-2x 0 ; 3 2
1.13 2X 0 g -3 3
X
1.14 1+ 0 - 2 4
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1.15 X2 T 0 1 7
4
1.16 4-x 0 o 2 4
1.17 24X 0 T 1 1
2 3
1.18 2x—1 - 0 2 4
1.19 X—4 0 g 1 5
X2
1.20 X 0 o 2 3
2
2
1.21 x5 on 0 2 1
T
1.22 3x -1 - 0 2 2
1.23 14X 0 2n 2 4
3 3
1.24 X+ 2 - 0 2 2
1.25 2+§ 0 - 1 1

2. dynkuiwo f(X), 3agany Ha cermenri [a; b]:

1) po3knactu y psin @yp’e y koMIuiekcHiii hopmi Ha cermenTi [a; b];

2) pO3KJIacTH y TpUroHOMeTpHuHHA psix Pyp’e Ha cermenTi [a; b];

3) Bin pagy @yp’e y koMmiuiekcHid Gopmi niepedtu Ao pany Dyp’e y AiicHIn
dbopmi.

Ne £(x) a b
BaplaHTa

2.01 COSX 0 27
2.02 eX 0 T
2.03 e 0 T
2

2.04 sinx 0 T
2.05 e 0 T
2

2.06 shx 0 2T
2.07 C0OS2X 0 T
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2.08 sin2x 0 T

2
2.09 e 0 T

4
2.10 chx 0 .
2.11 [ 0 2
2.12 COSX 0 T
213 shx 0 T

4
2.14 sinx 0 ki

2
2.15 e 0 on
2.16 sinx 0 T

4
2.17 [ 0 3
2.18 shx 0 z

2
2.19 ex 0 1
2.20 COSX 0 T

4
221 ex 0 4
2.22 e 0 2
2.23 chx 0 1
2.24 e 0 3
2.25 sinx 0 21

3. ®ynknio f(X), 3agany rpadgiuno Ha cermenti [a; d], po3kiaacTm y
TPUTOHOMeTPUYHUI psg Dyp’e.

Ne (x) a b c d
BapiaHTa

3.01 Puc. 1 1 1 2 3

3.02 Puc. 2 0 2 3 5

3.03 Puc. 3 0 1 2 3




114

3.04 Puc. 4 -1 2 3 4
3.05 Puc. 1 -2 2 4 6
3.06 Puc. 2 -3 0 2 4
3.07 Puc. 3 -1 0 1 2
3.08 Puc. 4 —2 1 2 4
3.09 Puc. 1 -1 0 1 3
3.10 Puc. 2 -1 2 3 4
3.11 Puc. 3 -1 0 1 3
3.12 Puc. 4 -1 2 4 6
3.13 Puc. 1 —4 0 1 2
3.14 Puc. 2 —2 0 1 3
3.15 Puc. 3 0 1 3 4
3.16 Puc. 4 0 2 3 4
3.17 Puc. 1 -2 0 1 2
3.18 Puc. 2 4 1 2 3
3.19 Puc. 3 —2 0 1 3
3.20 Puc. 4 0 1 2 4
3.21 Puc. 1 -2 0 2 4
3.22 Puc. 2 0 2 3 4
3.23 Puc. 3 -3 0 1 2
3.24 Puc. 4 -2 2 3 4
3.25 Puc. 1 -2 0 1 5
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y)\
1
0

Pucynok 1

y)\

PucyHnok 2

y/\

PucyHnok 3

y/\

Pucynok 4
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4. 3naiiTu neperBopennsi ®yp’e nas ¢pyukuii f(X).

Ne Bap. f(x) Ne Bap. f(x) Ne Bap. f(x)
T o<x<
401 e¥,0<x<1 110 2,2<x<4 110 CoS_,UsXsm
' 0,x<0,x>1 ' 0,X<2,x>4 ' 0,X<0,Xx>m
ﬁnxOSXSg
4.02 e x e[0,0) 4.11 420 | e xe(-»,0]
0,x<0,x>E
2
403 2,| x|« 2 410 3,0<x<m 401 3X,0<x<2
' 0,|x|>2 ' 0, x<0,x>m ' 0,x<0,x>2
coﬁaOSXSn
104 X, | x[£1 113 2 4.9 sinx,0<x<m
' 0,|x[>1 ' O,X<O,x>% ' 0,Xx<0,x>m
7T
COSX’|X|SE e*,0<x<2 cosx,0<x<m
4.05 4.14 4.23
T 0,x<0,x>2 0, x<0,x>m
0,|X]>=
2
406 1-| x|, | x[£1 415 2x,0<x<1 494 4,0<x<1
' 0,|x[>1 ' 0,x<0,x>1 ' 0,x<0,x>1
107 1-x,0<x<1 116 4,-1<x<1 405 e, 0<x<1
' 0, x<0,x>1 ' 0, x<-1x>1 ' 0,x<0,x>2
mn—0<x<n
4.08 e M x e (~o0,) 4.17
Ox<0x>n
. 7T
mnxOSXSZ 31<x<3
4.09 4,18
T 0, x<1,x>3
0,x<O,x>Z
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3AJIAUI JIJI1 CAMOCTIMHOI'O PO3B’SI3YBAHHS

3agaua 1. Oynxkuito f(x)= Cosg PO3KJIACTH y TPUTOHOMETPUUHUH psifg Dyp’e
na npomixkky [0; ).

3agauva 2. Oyskmito f(X)= Cosg po3kiactu y pan Oyp’e mo kocuHycax Ha
npomixkky [0; 7],

3agaua 3. Oynkmio f(X) :Cosg poskiactu y psag Oyp’e mo cuHycax Ha
MIPOMIKKY [0; TE].

3agaua 4. @Oynkuaito f(x) = Cosg po3kiactu y pan Pyp’e y KOMIUIEKCHIH

dbopmi Ha POMIKKY [O; TE].
3amaua 5. Posknactu y psn @yp’e 2m-niepioguyHy (yHKIIIO
—k, axmo — < X<0,
fpg=1
K, akmo O<X<m.

3angaua 6. Posknactu y psag @yp’e 2n-nepioanuny GyHKINO, 3a0aHy rpadidaHo
(puc.).

A
y
A A A -
| Ny Ny | \L/ -
-3n -2 —T 0 T 21 3n X

Pucynok 1o 3agaui 6

3agava 7. Posknactu y psag @yp’e xocuHycoiny 3 aMIuUNTyAoK [, 3pi3aHy
Biccro Ox (puc.).
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| i i
E 3n Bn 3n
2

Pucynox no 3amaqi 7

Ox (puc. mo 3anaui 17).

3apaua 8. Poskmactn y psn @yp’e cuHyCOiqy 3 aMILTITYA00 /, 3pi3aHy BICCIO

)
| |
=Y

Pucynox g0 3amaui 8

3agaua 9. Posknmactu y psan @yp’e 2m-niepiognyuny QyHKIIIO

f(x) =

X, AKIIIO

0, sixkmo — Tt < X <0,

I
0<x<—,

T

T — X, K0 — < X < T.

3amaua 10. Po3knactu y psg @yp’e dpyskimiro f(X) = cosx|.

3agauya 11. 3HailTM cHOeKTpalibHy IIUIBHICTh NPSIMOKYTHOIO IMITyJbCa,
3agaHoro rpadiuno (puc. 10 3amaqi 11).

Y
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A
y
Q 1 @)
i | >
3 0 o X
2 2

Pucynok mo 3amaui 11

3agaua 12. 3HaiiTu ClIeKTpalbHy MUIbHICTD IMITYJIbCa
f(0 0, akmo X < 0,
X) =
5e™*, ko X > 0,

e o >0.

3agauya 13. 3naiitu obepHene neperBopeHHst Oyp’e mist PyHKIIT
f(x)=e™.

3apaua 14. 3naiitn o6epHene neperBopeHHs Pyp’e nas GyHKIIL
£(x) = 4, sxmo X € [0; 1],
0, sixmio X € (1; o)
3a ymoBH, o T (—x) =—1(x).

3amaua 15. 3naiitu obepHene nepeTBopeHHst Dyp’e mis QyHKIT
f(x)=e™,
skmo 3>0,X>0 ta f(—x)= f(x).
3anaua 16. 3HaiiTu o6epHEHEe MepeTBOPEHHS 1151 HYHKIIIT
(0, sixmo X < =2,
X—2, aKmo — 2 < X < -1,
f(X)=1X, saxmo —1< x <1,
2—X,g9xkmol< x <2,

0, gk X > 2.
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BIJIMOBIJI 10 3AJIAY JJISI CAMOCTIMHOTO PO3B’SI3YBAHHS

3V/3 1 = 18nsin 2nx —3+/3cos2nx

3agaua 1. f( )_—
2n niT 36n2 -1

3\/_ 3\/_2 n+1cosnx
T 9n° -1

3agaua 2. f(X )—

© ¢ n\n+l
3agaua 3. f(x)zﬁz( 1) nSInnx

T 9n? -1

3amaua 4. f(X) 1 Z MZHXI

2n ~  1-36n?

3agaya 5. f(x):ﬁ(sinx+lsin3x+Esin5x+£sin7x+...j.
T 3 5 7

3anaua 6.

T 2 2 2
f(X)=———C0SX— —COSX ———CO0S5X +...
4 = I 257

...+sinx—£sin 2x+}sin3x—lsin 4X + ...
2 3 4

3apava 7.

f(x)=£| +1I cosx+£| cost—il cos4x+il COS6X +... .
I 2 3n 157 35

3apayva 8.

f(x)=£| +£Isinx—£l cost—il cos4x—il COS6X +... .
T 2 3n 15n 357

3apava 9.

f(X) =Ty E(sin X —ECOSZX —lsin 3X + isin 5x —ic056x + j
4 x 2 9 25
2 4 ®© n+1

3agaua 10. f(X)=—+—
T T I"I -1

coS2nX.

3agaua 11. S(w) = —Sln a_oo
o) 2

5

3agaua 12. S(0)=————.
(©) 2m(o + 1)



[e¢]

ICOS(DX

2
0 ® +1

o0

Il_ COS®

3agauya 13. f(x)= 2
T

do.

3agaua 14. f(x) = 8
T

Q)
0

3anaua 15. f(X):EJ‘%m.
Ty to

o0

sin oxdw.

(1- cosmw)sin ®sin mx ©

3agauya 16. f(x)= EJ.
T 0

(02
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